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Abstract

Sequential ranking-and-selection procedures deliver Bayesian guarantees by repeat-
edly computing a posterior quantity of interest—e.g., the posterior probability of good
selection or the posterior expected opportunity cost—and terminating when this quan-
tity crosses some threshold. Computing these posterior quantities entails nontrivial
numerical computation. Thus, rather than exactly check such posterior-based stop-
ping rules, it is common practice to use cheaply computable bounds on the posterior
quantity of interest, e.g., those based on Bonferroni’s or Slepian’s inequalities. The
result is a conservative procedure that samples more simulation replications than are
necessary. We explore how the time spent simulating these additional replications
might be better spent computing the posterior quantity of interest via numerical in-
tegration, with the potential for terminating the procedure sooner. To this end, we
develop several methods for improving the computational efficiency of exactly checking
the stopping rules. Simulation experiments demonstrate that the proposed methods
can, in some instances, significantly reduce a procedure’s total sample size. We further
show these savings can be attained with little added computational effort by making
effective use of a Monte Carlo estimate of the posterior quantity of interest.

1 Introduction

Within the statistics and simulation communities, ranking and selection (R&S) refers to the
problem of selecting the best from among a finite number of simulated alternatives. The R&S
problem has been extensively studied from two differing statistical perspectives: frequentist
and Bayesian; see Kim and Nelson [2006] and Chick [2006], respectively, for overviews. In
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both treatments, considerable attention has been given to the design of efficient procedures
that offer finite-sample statistical guarantees [Kim and Nelson, 2001, Hong et al., 2015,
Branke et al., 2007, Chen et al., 2015].

Bayesian R&S procedures synthesize prior information and data obtained from simulat-
ing the alternatives to produce a posterior distribution on the unknown problem instance.
This posterior distribution can then be used to evaluate selection decisions by computing
criteria such as the (posterior) probability of correct selection (pPCS), probability of good
selection (pPGS), and expected opportunity cost (pEOC) of the selected alternative. An
R&S procedure straightforwardly delivers a Bayesian statistical guarantee by using the cor-
responding posterior quantity in a stopping rule. For example, to deliver a guarantee on
the pEOC of the selected alternative, it suffices for a procedure to terminate whenever that
quantity drops below a specified threshold [Branke et al., 2007]. The appeal of this approach
is that repeatedly looking at the data does not invalidate a Bayesian guarantee, as it might
for a frequentist one; note the perils of continuously monitoring A/B tests [Deng et al., 2016,
Dmitriev et al., 2017, Johari et al., 2017]. Aside from the theoretical convenience of proving
guarantees, Bayesian R&S procedures have become popular in recent years because of their
demonstrated sampling efficiency relative to frequentist procedures [Branke et al., 2007]. In
particular, Bayesian procedures actively learn about the unknown problem instance and do
not need to guard against pathological, worst-case problem instances, as do R&S procedures
designed to deliver frequentist guarantees.

Bayesian R&S procedures are predominantly studied under a setting in which the sam-
pling budget—the number of simulation replications that a procedure obtains—is fixed in
advance [Chen et al., 2000, Chick and Inoue, 2001a,b, Peng et al., 2018a]. In this setting,
procedures are designed to maximize the pPCS or pPGS or minimize the pEOC of the se-
lected alternative upon exhausting the budget. This setup is pertinent to decision-making
situations in which obtaining replications of the simulation model is time-consuming, to the
point of being a limiting factor. We instead study the setting in which the decision-maker
specifies a desired statistical guarantee and runs an R&S procedure until the guarantee can
be delivered [Branke et al., 2007]. This setup is better-suited to situations in which the
decision-maker can articulate his or her risk and tolerance toward making a suboptimal
decision and desires this assurance.

Much research has also focused on the design of efficient rules for allocating replications
among alternatives, with recent interest in rules that are, in a certain sense, asymptotically
optimal [Peng et al., 2018b, Chen and Ryzhov, 2019, Russo, 2020]. We instead investi-
gate the underappreciated, but no less consequential, matter of how to check the stopping
rule. Specifically, we harbor reservations about the common practice of using conservative
bounds—typically derived via Bonferroni’s or Slepian’s inequality—on the posterior quantity
of interest in lieu of an exact calculation [Branke et al., 2007, Chick et al., 2010, Gorder and
Kolonko, 2019]. Although these bounds are cheap to compute, we show that under fairly
standard assumptions (normally distributed outputs, independent sampling, and indepen-
dent prior beliefs), numerically integrating the posterior quantity is not as computationally
onerous as may be suspected. We assess the quality of these bounds, both in terms of how
well they approximate the posterior quantity of interest and their effects on extending the
requisite sample sizes taken by Bayesian R&S procedures. Our numerical results indicate
that while using such bounds for the pPGS leads to only a slight increase in a procedure’s
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total sample size, using those for the pEOC can result in excessively inefficient procedures.
Even though these savings are there for the taking, so to speak, repeatedly computing

the posterior quantity of interest poses a tradeoff between simulation time and computa-
tional time. We therefore examine the choice of how accurately to check a stopping rule and
its impact on the overall run time of a procedure. We present several methods for exactly
evaluating posterior quantities of interest and efficiently checking stopping rules. The poten-
tial reduction in a procedure’s total sample size—relative to using bounds—can in fact be
attained at little added computational cost by using a Monte Carlo estimate to “precheck”
the stopping rule before applying our methods. For situations in which these combined
methods are too computationally intensive, or in which our underlying assumptions are not
satisfied, we suggest using the aforementioned Monte Carlo estimate to directly check the
stopping rule, even though doing so sacrifices a rigorous Bayesian guarantee. Our numerical
experiments indicate that the resulting deterioration in the guarantee is modest.

We believe that Bayesian R&S procedures have key statistical advantages over their
frequentist counterparts, but that they lag in implementation because of their perceived
computational difficulty. Our results should help allay some of these concerns, thereby
increasing the accessibility of Bayesian methods in R&S. We also make a number of secondary
contributions that, while supporting our overall agenda of reducing the computational effort
in checking stopping rules, extend beyond the scope of our primary research question. In our
preliminary discussion, we call attention to the negative consequences of the popular pPCS
guarantee, namely its tendency to cause a procedure to incur long run-lengths for little
practical gain. Additionally, we prove a trio of results—under an assumption of normality—
that may be of independent interest:

� A partial order on the pPGS of alternatives with respect to their posterior means and
variances.

� A Slepian bound on the pPGS of alternatives with posterior means that are “good”
relative to the best, for unknown sampling variances.

� A Slepian bound on the pEOC of the alternative with the highest posterior mean.

The remainder of this paper is outlined as follows. Section 2 introduces the mathematical
notation and distributional assumptions, while defining the pPCS, pPGS, and pEOC under
the Bayesian framework. Sections 3 and 4 highlight the computational challenges associated
with checking the pPGS and pEOC stopping rules, respectively, and present formulae for
efficiently computing the posterior quantities of interest. The proposed improvements are
evaluated via simulation experiments in Section 5. In Section 6, we demonstrate further
efficiency gains from using a Monte Carlo estimate of the posterior quantity of interest to
“precheck” the stopping rule. Section 7 summarizes our findings and lays out directions for
future research.
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2 Posterior-Based Guarantees and Stopping Rules

2.1 Bayesian R&S Guarantees

Suppose there are k alternatives under consideration and that the (expected) performance
of Alternative i is denoted by a scalar Wi, for i = 1, . . . , k. We refer to the vector of
performances W = (W1, . . . ,Wk) as the (random) problem instance or configuration and
use the notation W[i] to refer to the ith smallest performance where ties in indexing are
broken arbitrarily; i.e., the ordered performances satisfy the relationship W[1] ≤ · · · ≤ W[k].
Without loss of generality, we assume that larger performances are better, hence Alternative
[k] is (one of) the best. In the Bayesian treatment, the identify of the unknown (best)
alternative is not fixed, but rather depends on the realization of the performances.

The decision-maker assumes a prior distribution over the space of problem instances
based on previously gathered data or the opinions of subject matter experts. In the absence
of such information, the prior distribution can instead reflect a general uncertainty about
the problem instance (i.e., a noninformative prior). After taking replications from the al-
ternatives, a Bayesian R&S procedure applies Bayes’ rule to obtain a posterior distribution
on the problem instance. The posterior distribution reflects the decision-maker’s remaining
uncertainty about the performances of the alternatives after observing the data and incor-
porating any prior beliefs. It can be used to define different Bayesian decision criteria with
respect to any fixed Alternative i:

� Posterior PCS of Alternative i: pPCSi := P
(
Wi = W[k] | E

)
,

� Posterior PGS of Alternative i: pPGSi := P
(
Wi ≥ W[k] − δ | E

)
, and

� Posterior EOC of Alternative i: pEOCi := E
[
W[k] −Wi | E

]
.

The probabilities and expectations above are with respect to the posterior distribution
given the evidence (observed simulation outputs)—denoted by E—and the prior distribution.
In contrast to their frequentist counterparts, these Bayesian criteria are functions of the
evidence and thus can be calculated within a procedure; we discuss ways to bound, calculate,
and estimate them in this paper.

For a given Alternative i, pPCSi is the probability under the posterior distribution that
the random problem instance is one for which Alternative i is (one of) the best. Similarly,
pPGSi is the posterior probability that the random problem instance is one for which Al-
ternative i is δ-optimal. From these definitions, pPCSi corresponds to pPGSi for the case
δ = 0. Lastly, pEOCi is the expected optimality gap associated with selecting Alternative i
over all problem instances weighted according to the posterior distribution.

Under the Bayesian framework, the index of the selected alternative, denoted by d, is
determined by the (fixed) observed data and the prior distribution. We assume for simplicity
that Bayesian R&S procedures do not use randomized selection rules, i.e., given the observed
data, d is deterministic. In the event of ties in posterior quantities, we will assume that there
is a ranking of the alternatives’ indices—fixed a priori—that is used to break ties. The three
Bayesian criteria lend themselves to guarantees with respect to the selected alternative:

� pPCS Guarantee: pPCSd ≥ 1− α,

4



� pPGS Guarantee: pPGSd ≥ 1− α, and

� pEOC Guarantee: pEOCd ≤ β.

For these guarantees, the decision-maker specifies the values of 1 − α and δ, or of β, in
advance. The threshold 1 − α reflects the decision-maker’s desired degree of confidence in
making a correct or good selection. The values of δ and β have clear interpretations in terms
of the largest or average difference in performance to which the decision-maker is indifferent.
A reasonable choice of β is the good-selection parameter, δ, times the allowable probability
of making a bad selection, α [Chen et al., 2015].

2.2 Issues with the pPCS Guarantee

The pPCS guarantee stipulates that the decision-maker insists on selecting the best alterna-
tive with high probability and will not be satisfied with selecting a suboptimal alternative, no
matter how close its performance is to the best. By this reasoning, extremely small differences
in performances are worth detecting, even at great computational expense. Consequently,
when the difference between the performances of the best and second-best alternatives is
small, a Bayesian R&S procedure will take many replications before the pPCS of any al-
ternative rises above 1 − α. It is hard to justify expending so much computational effort
to detect differences that are of less-than-practical significance. This insistence on finding
the optimal solution to the R&S problem also ignores the fact that there is inherently some
degree of model error associated with the simulation model. On the other hand, the pPGS
guarantee takes a more lenient approach, allowing the decision-maker to specify a tolerance
in performance to which he or she is indifferent.

Related concerns with the pPCS guarantee arise in the event that multiple alternatives
are tied for the best. While it would be convenient to assume that practical problems do
not have multiple alternatives with tied performances, some do, if not properly formulated.
For example, the prototypical buffer-allocation problem of Pichitlamken et al. [2006] has
multiple optimal solutions due to symmetries in the tandem-queuing system; see Ni et al.
[2017] for a detailed description.

The Bayesian resolution to this issue is that for continuous posterior distributions, e.g.,
multivariate normal, the probability that the realized performances of two or more alterna-
tives are tied is zero. In the situation where two or more alternatives are tied for the best,
the posterior distributions will concentrate around the true (tied) means, but not coalesce
on a point mass in finite time. Computationally there is no difference with the situation
where multiple systems are nearly tied for the best, so here too the pPGS guarantee does
not lead to excessive sampling. See Section 3.3.2 of Eckman [2019] for further discussion.

Were it known in advance that certain alternatives had the same performances, perhaps
due to symmetry, that information could be incorporated into the prior distribution. The
drawback of this approach, however, is the loss of conjugacy; as a consequence, updating the
posterior distribution becomes computationally intensive. Moreover, establishing that two
alternatives have the same performance or that a problem has a unique optimal solution is
nontrivial, especially when there are many alternatives. Given these challenges, and the fact
that ties are rather neatly handled when one employs continuous posterior distributions, we
do not pursue such an approach.
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Notwithstanding these concerns, many Bayesian R&S procedures designed for the fixed-
budget setting use pPCS to allocate replications across alternatives [Chen et al., 2000] and
as an overall performance criteria [Branke et al., 2007, Peng et al., 2016, Russo, 2020].
This raises an important question that we do not address in this paper: Does allocating
replications based on pPCS have a deleterious effect on the quality of the selected alternative,
especially on problem instances with multiple near-optimal alternatives?

2.3 Stopping Rule Principle

In Bayesian statistics, the Stopping Rule Principle states that given observed evidence,
inference about an unknown parameter of interest should not depend on the rule used to
terminate an experiment [Berger, 1993]. In other words, an experimenter can ignore the
stopping rule when carrying out a statistical analysis after an experiment. The sequential
tests supported by the Stopping Rule Principle have the upside of taking only as many
samples as necessary, in contrast to fixed-sample-size tests.

The Stopping Rule Principle has several remarkable consequences. First, the rule used
to terminate a procedure does not affect the calculation of any posterior quantity, meaning
that the pPCS, pPGS, and pEOC can appear in stopping rules [Chick and Inoue, 2001a,
Chick, 2006, Chen et al., 2015]:

� pPCS Stopping Rule: Terminate when pPCSi ≥ 1− α for any i = 1, . . . , k and select
Alternative i;

� pPGS Stopping Rule: Terminate when pPGSi ≥ 1− α for any i = 1, . . . , k and select
Alternative i; and

� pEOC Stopping Rule: Terminate when pEOCi ≤ β for any i = 1, . . . , k and select
Alternative i.

Put succinctly, the aforementioned Bayesian guarantees are attained by terminating a se-
quential R&S procedure when the posterior quantity of interest crosses some threshold.

Chick et al. [2010] refer to these kinds of stopping rules as adaptive stopping rules because
they depend on the replications collected, as opposed to the rule of stopping when a fixed
budget has been exhausted. We choose to call them posterior-based stopping rules to em-
phasize that they involve quantities calculated from the posterior distribution of the problem
instance. The significance of being able to compute (and recompute) posterior quantities
in the stopping rules and still deliver Bayesian guarantees cannot be understated. Unless
special care is taken, repeatedly looking at the data in this way can invalidate frequentist
guarantees; sequential analysis methods are a notable exception [Wald, 1973].

A second important consequence of the Stopping Rule Principle is that since Bayesian
R&S guarantees follow from the stopping rule, the user has complete flexibility in allocating
replications across alternatives. These stopping rules can therefore be used in conjunction
with popular allocation rules: e.g., value-of-information (VIP), optimal computing budget
allocation (OCBA), Thompson sampling (TS), and knowledge-gradient (KG). Allocation
rules are also allowed to use posterior quantities; e.g., OCBA and TS rules use the pPCS of
alternatives [Chen et al., 2000, Russo, 2020] and some VIP rules use the pEOC of alternatives,
or approximations thereof [Chick and Inoue, 2001a].
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2.4 Distributional Assumptions

Thus far we have defined Bayesian criteria and guarantees without imposing any distri-
butional assumptions on the simulated outputs of the alternatives’ performances or the
decision-maker’s beliefs. We now make several standard assumptions so that we can derive
specific results for checking stopping rules involving the pPCS, pPGS, and pEOC.

Let Xij denote the jth observation from Alternative i and define
−→
Xi = {Xi1, Xi2, . . .} for

i = 1, . . . , k.

Assumption 1 For each i = 1, . . . , k and j ≥ 1, Xij is normally distributed with mean wi
and variance σ2

i .

Assumption 1 is commonly made in the simulation community and can be partially
justified by batching replications since the batched means will be approximately normally
distributed. The R&S problem has also been studied for Bernoulli-distributed outputs [Even-
Dar et al., 2006, Russo, 2020] and from a large-deviations perspective [Glynn and Juneja,
2004, Hunter and Pasupathy, 2010, Glynn and Juneja, 2015].

Assumption 2 For each i = 1, . . . , k, the sequence
−→
Xi consists of independent outputs.

Assumption 2 implies that the outputs are exchangeable—a standard assumption for the
derivation of the posterior distribution.

Assumption 3 The sequences
−→
X1,
−→
X2, . . . ,

−→
Xk are independent.

Assumption 3 rules out the use of common random numbers (CRN) in generating repli-
cations. While CRN are helpful in comparing the performances of alternatives, their use
complicates the statistical analysis of Bayesian R&S procedures because of two notable chal-
lenges concerning the number of replications taken from each alternative. First, updating the
posterior distribution when sample sizes are unequal requires careful attention and account-
ing [Gorder and Kolonko, 2019]. Second, under the reference prior, at least k replications
must be taken from each alternative to ensure that the sample covariance matrix is invertible
[Chick and Inoue, 2001b].

Assumption 4 The decision-maker has independent prior beliefs about the performances of
alternatives, W1, . . . ,Wk.

Assumption 4 is another standard assumption in the literature, though the setting of
correlated beliefs and the use of CRN have also been studied [Frazier et al., 2009, Xie
et al., 2016]. Assumptions 3 and 4 are typically made for analytical convenience as together
they imply that the posterior distribution of W is the product of the marginal posterior
distributions ofWi for i = 1, . . . , k. We later exploit this property when performing numerical
integration. Enforcing independent beliefs in the prior distribution entails discarding any
available structural information about the optimization problem, e.g., convexity or symmetry.
In doing so, the decision-maker sacrifices prior knowledge about the relationships among
alternatives for computational convenience.
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Our purpose for making Assumptions 1–4 is to provide theoretical results that lay the
groundwork for our more general arguments about checking posterior-based stopping rules.
If the assumptions do not all hold, many of the methods presented in this paper will not
directly apply. For instance, the results dealing with Slepian’s bound and the quasi-Pareto
relationship of pPGS (Proposition 3) almost certainly do not hold if Assumption 1 is not
satisfied. Furthermore, without Assumptions 3 and 4, the integral equations we provide for
exactly calculating the pPGS and pEOC no longer hold. In such cases, using a Monte Carlo
estimator to precheck a stopping rule, as developed in Section 6, remains an option. We ex-
pect that many of our main conclusions will still hold when these distributional assumptions
are relaxed, e.g., the potential for a sizable loss in efficiency from using conservative bounds
on posterior quantities to check stopping rules.

Given Assumptions 1–4, we now mathematically describe the marginal posterior distri-
butions of Wi when using the conjugate (normal-gamma) reference prior for the mean and
precision of Alternative i. After observing xi1, . . . , xini

from Alternative i, the marginal
posterior distribution of the performance of Alternative i is given by

Wi ∼ tni−1(x̄i, s
2
i /ni) ≡ tνi(µi, ρ

2
i ),

where s2i is the sample variance of xi1, . . . , xini
and tν(µ, ρ

2) denotes the distribution of a
three-parameter t-distributed random variable Z = µ + ρTν where Tν is a t-distributed
random variable with ν degrees of freedom [Chick and Inoue, 2001a]. When the variances
σ2
i are known, the marginal posterior distribution for the performance of Alternative i is

Wi ∼ N (x̄i, σ
2
i /ni) ≡ N (µi, ρ

2
i ).

We will refer to µi and ρ2i as the posterior mean and variance of the performance of Al-
ternative i and use subscript (·) to denote the ordered indices of the posterior means, i.e.,
µ(1) ≤ µ(2) ≤ · · · ≤ µ(k) and Alternative (k) is the best-looking alternative. More complete
derivations of the marginal posterior distributions and their parameters can be found in
DeGroot [2004], Branke et al. [2007], and Eckman [2019]. As can be seen from the above
formulae, using conjugate prior distributions greatly simplifies the task of updating the pos-
terior distribution. When conjugate prior distributions are not used, the pPCS, pPGS, and
pEOC can still be estimated via Markov chain Monte Carlo.

3 Checking the pPCS and pPGS Stopping Rules

3.1 Computational Considerations

When running a Bayesian R&S procedure, two critical decisions are how frequently and how
accurately to check the stopping rule, as these choices affect the run time. At one extreme,
one could allocate replications one at a time and precisely calculate the posterior quantity
of interest of every alternative after every replication. Though this approach would ensure
that the procedure takes no unnecessary replications, it would likely be expensive in terms of
the computational overhead. At the other extreme, one could allocate replications in large
batches and calculate a cheap bound for the posterior quantity of interest of, say, only the
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best-looking alternative. This approach would be cheaper in terms of overhead, but would
necessitate more simulation time. Within the Bayesian framework, these decisions can even
be made adaptively, based on the data collected thus far. In studying these trade-offs, we
assume that the time required to run a simulation replication is long enough—perhaps on
the order of seconds or tens of seconds—to justify expending some nontrivial amount of time
checking the stopping rule.

The pPCS and pPGS stopping rules give rise to computational challenges similar to those
of the pEOC stopping rule, but differing in important ways. We choose to consider them
separately. Throughout this section and the next, we maintain Assumptions 1–4 and assume
that the conjugate prior is used. Hereafter, we focus our discussion on the pPGS stopping
rule and treat the pPCS stopping rule as a special case.

At first glance, computing pPGSi appears to involve evaluating a k-dimensional integral
of the joint posterior distribution of W1, . . . ,Wk over a polyhedron described by the k −
1 inequalities Wi ≥ Wj − δ for j 6= i. It can alternatively be expressed as a (k − 1)-
dimensional integral with respect to the positively correlated random variables Wj − Wi

for j 6= i. When the number of alternatives is small (fewer than 25, say), these integrals
can be evaluated numerically using quadrature, e.g., MATLAB’s mvncdf function if the true
variances are known. As the number of alternatives increases, this approach quickly becomes
computationally impracticable.

Checking the pPGS stopping rule entails frequently computing the pPGS of one or more
alternatives; therefore, for problems with even a modest number of alternatives, other meth-
ods for evaluating pPGSi are necessary. We compare two: cheaply computable lower bounds
and an equivalent one-dimensional integral.

3.2 Cheap Lower Bounds

One approach that avoids calculating pPGSi is to instead compute a cheap lower bound and
terminate the procedure when it exceeds 1−α—doing so will still yield the desired Bayesian
guarantee. This approach lowers the computational cost of checking the stopping rule, but
any slack in the bound will likely cause the procedure to take additional replications relative
to the approach of exactly calculating pPGSi.

One such lower bound follows from Bonferroni’s inequality: for any Alternative i,

pPGSi = P(Wi ≥ Wj − δ for all j 6= i | E) ≥ 1−
∑
j 6=i

P(Wi < Wj − δ | E) ≡ pPGSBonf
i .

When the true variances are unknown, the term P(Wi < Wj − δ | E) involves the cdf of the
difference of two t-distributed random variables with possibly different degrees of freedom.
Chick and Inoue [2001a] apply the approximation of Welch [1938] to this term to simplify
the computation of pPGSBonf

i .
Another cheap bound on pPGSi can be derived from Slepian’s inequality [Slepian, 1962].

Although Slepian’s inequality concerns normal random variables—which would be the case
for W1, . . . ,Wk if the variances were known—we show in Proposition 1 that with the help
of an inequality from Tamhane and Bechhofer [1977], see Lemma 2 in Appendix A herein,
it can be applied to alternatives with δ-optimal posterior means when the true variances
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are unknown. While Branke et al. [2007] provide a Slepian-type bound on the pPGS of the
alternative with the highest posterior mean, Alternative (k), we present our more general
result in Proposition 1; see Appendix A for a proof.

Proposition 1 For any Alternative i satisfying µi ≥ µ(k) − δ,

pPGSi = P(Wi ≥ Wj − δ for all j 6= i | E) ≥
∏
j 6=i

P(Wi ≥ Wj − δ | E) ≡ pPGSSlep
i .

Whereas the expression for pPGSi deals with the maximum of the k− 1 positively corre-
lated random variablesWj−Wi for j 6= i, the expression for pPGSSlep

i resembles the maximum
of k− 1 independent random variables. In this way, Slepian’s inequality ignores the positive
correlations and treats the terms in the pPGSi expression as independent, thereby replacing
a joint probability statement with a product of marginal ones. Peng et al. [2018a] claim
that these ignored correlations are unimportant in a high-confidence setting, when 1 − α
is close to one, but are more likely to make a difference in a low-confidence setting. Our
experimental results below bear this out.

Unlike the pPGSSlep bound, which requires a multivariate normal posterior distribution,
the pPGSBonf bound holds even when Assumptions 1–4 do not. In particular, the bound is
still valid when W1, . . . ,Wk are not independent under the posterior distribution, e.g., when
CRN are used. Although pPGSi is harder to compute in such instances, the pPGSBonf bound
remains one of few resources available.

Various Bayesian allocation rules use the pPGSBonf [Chen et al., 2000] or pPGSSlep [Chick
and Inoue, 2001a] bounds (with δ = 0). Other procedures have used these bounds as stopping
rules; e.g., the procedure of Gorder and Kolonko [2019] for CRN terminates when pPGSBonf

(k)

first exceeds 1−α, and the procedures of Branke et al. [2005, 2007] terminate when pPGSSlep
(k)

first exceeds 1− α.
As an illustration of the potential slack in the pPGSBonf and pPGSSlep bounds, we consider

a slippage configuration of posterior means, i.e., µj = µ(k) − ∆ for all j 6= (k) for some
∆ > 0, with a common posterior variance ρ2. For this configuration, pPGS(k) = 1 − α if

∆ = hB
√

2ρ2 − δ (provided δ is small enough so that ∆ is positive), where hB(1 − α, k)
is the 1 − α quantile of the maximum of a (k − 1)-dimensional multivariate normal vector
with zero means, unit variances, and common pairwise correlations of 1/2 [Kim and Nelson,
2006]. It can be checked that for this configuration, pPGSBonf

(k) = 1 − (k − 1)Φ(−hB) and

pPGSSlep
(k) = Φ(hB)k−1, irrespective of ρ2 and δ. Figure 1 shows these bounds when pPGS(k) =

1−α = 0.90, 0.95, and 0.99 for this configuration for different numbers of alternatives. Several
trends are evident: First, both pPGSBonf

(k) and pPGSSlep
(k) become less tight as the number of

alternatives increases. Second, the slack in both bounds is greater—in an absolute sense—for
values of 1−α farther from one; for 1−α = 0.99, the bounds are roughly equivalent. Third,
pPGSBonf

(k) appears to be a looser bound than pPGSSlep
(k) , with the difference in the bounds

growing with the number of alternatives.

3.3 Numerical Integration

Given the potential slack in the pPGSBonf and pPGSSlep bounds, we return to the challenge
of calculating pPGSi in a way that is cheap and scales well with the number of alternatives.
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Figure 1: pPGSBonf
(k) and pPGSSlep

(k) in a slippage configuration of posterior means in which
pPGS(k) = 1− α for 1− α = 0.90, 0.95, and 0.99.

The approach we take relies on the observation of Peng et al. [2016] and Russo [2020] that
pPGSi can be expressed as a one-dimensional integral by conditioning on the performance
of Alternative i:

pPGSi = P(Wi ≥ Wj − δ for all j 6= i | E)

= E [P(Wi ≥ Wj − δ for all j 6= i | Wi, E) | E ]

= E

[∏
j 6=i

P(Wj ≤ Wi + δ | Wi, E) | E

]

=

∫ ∞
−∞

[∏
j 6=i

FWj |E(w + δ)

]
fWi|E(w) dw, (1)

where fWi|E(·) and FWj |E(·) are the posterior marginal probability density function (pdf)
of Wi and cumulative distribution function (cdf) of Wj, respectively. The third equality
in Equation (1) makes use of the product form of the posterior joint distribution under
Assumptions 3 and 4. The integrand in Equation (1) is the product of k− 1 cdfs and a pdf,
all of which under our assumptions are either for normal or t-distributed random variables.
Equation (1) thereby avoids the need to approximate the difference of two t-distributed
random variables with different degrees of freedom, as was the case for the pPGSBonf and
pPGSSlep bounds.

To give a sense of the computational time associated with numerically integrating Equa-
tion (1), we use MATLAB’s integral function for values of k ranging from 10 to 100,000.
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Table 1: Average and 10th/90th percentiles of time (seconds) to numerically integrate Equa-
tion (1) with known/unknown variances for different numbers of alternatives (k) based on
100 randomly generated problem instances.

k 10 100 1000 10,000 100,000
Average (known) 0.006 0.007 0.031 0.14 0.60

Percentiles (known) [0.004, 0.007] [0.007, 0.008] [0.025, 0.037] [0.13, 0.16] [0.53, 0.69]
Average (unknown) 0.036 0.062 0.17 1.52 12.5
Percentiles (known) [0.029, 0.043] [0.049, 0.071] [0.16, 0.18] [1.41, 1.65] [11.3, 14.0]

MATLAB’s integral function performs global adaptive quadrature with a 7-point Gauss
formula and 15-point Kronrod extension [Shampine, 2008]. All experiments were run on
a high-performance computing cluster using eight cores on a compute node with 256GB
of RAM. Source code for all experiments is available at https://github.com/daveckman/

posterior-stopping-rules. For each value of k, we generate 100 random posterior distri-
butions according to µi ∼ N (0, 25) and ρ2i ∼ ChiSquared(4), independent for all i = 1, . . . , k,
and compute pPGS(k), without loss of generality, for both known and unknown variances.
Table 1 reports the average times as well the 10th and 90th percentiles. Times for un-
known variances are about 6 to 20 times slower than those for known variances, due to the
need to evaluate gamma and incomplete-beta functions when evaluating the pdfs and cdfs
of t-distributed random variables. The results suggest that even for fairly large numbers of
alternatives, pPGSi can be quickly computed.

Remark 1 Under the default tolerance settings for MATLAB’s integral function, the
absolute error between the returned value and the true value of an integral is estimated to be
less than the larger of 10−10 or 10−6 times the returned value. For our pPGSi calculations,
this translates to a bound of 10−6 on the absolute error. For our pEOCi calculations in
Section 4, which feature sums of integrals or double integrals, a very conservative bound
on the absolute error is 10−3. The numerical integration results are therefore sufficiently
accurate for our purpose of checking stopping rules.

3.4 Which Alternatives to Evaluate

In cases where repeatedly computing the pPGS of all alternatives is computationally pro-
hibitive, it is worthwhile to reduce the number of alternatives for which the pPGS must
be evaluated to check the stopping rule. This motivates two important questions: Which
alternatives can have the highest pPGS? And can the highest pPGS of these alternatives
exceed 1− α?

To answer these questions, we first make use of a simple upper bound on the pPGS of
alternatives whose posterior means are at least δ below the highest posterior mean.

Proposition 2 For any Alternative i satisfying µi < µ(k) − δ, pPGSi < 1/2.

Proof of Proposition 2. For any Alternative i satisfying µi < µ(k) − δ,

pPGSi = P(Wi ≥ Wj − δ for all j 6= i | E) ≤ P(Wi ≥ W(k) − δ | E) = P(W(k) −Wi ≤ δ | E) < 1/2,
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where the last inequality comes from the fact that W(k) −Wi is symmetrically distributed
with mean µ(k) − µi > δ. �

Proposition 2 implies that only alternatives whose posterior means are within δ of µ(k) can
satisfy the pPGS stopping rule when 1−α ≥ 1/2. Hence the fact that Proposition 1 defines
the pPGSSlep bound for only these alternatives is not necessarily a limitation. Similarly, only
the alternative with the highest posterior mean can satisfy the pPCS stopping rule in this
high-confidence setting. Proposition 2 holds even when Assumptions 3 or 4 do not, since
W(k) −Wi is still symmetrically distributed under the conjugate prior assumption.

We further reduce the number of alternatives for which we need to calculate the pPGS
by identifying sufficient conditions under which the pPGS of an alternative is greater than
that of another. The motivating idea is to use the posterior means and variances to form a
partial order on the set of alternatives. There is thus no need to calculate the pPGS of any
dominated alternative because any alternative that dominates it has a higher pPGS.

Peng et al. [2016] show that if the posterior means of all alternatives are equal, the
alternative with the highest posterior variance has the highest pPCS; see Proposition A.2
therein. When trying to select the alternative with the highest pPCS, the authors also
suggest that one should favor alternatives that have high posterior means and variances.
Proposition 3 formalizes this assertion and extends it to the pPGS criterion; its proof appears
in Appendix B.

Proposition 3 Suppose that the true variances are known. For any pair of Alternatives i
and j satisfying µi ≤ µj − δ/2 and ρ2i ≤ ρ2j , pPGSi < pPGSj.

The δ/2 term in Proposition 3 is tight in a sense made precise in Proposition 4; its proof
appears in Appendix C.

Proposition 4 For any k ≥ 3 and any pair of Alternatives i and j for which µi = µj−δ/2+γ
where γ > 0, there exist posterior means µ` for ` 6= i, j and posterior variances ρ2` for
` = 1, . . . , k such that ρ2i ≤ ρ2j and pPGSi > pPGSj.

When the true variances are unknown, the result of Proposition 3 is unlikely to hold
in general since the t distributions arising from unequal sample sizes do not satisfy the
stochastic dominance relationship used in the proof. Proposition 3, however, can still be used
as a heuristic for determining for which alternatives i to compute pPGSi. If a procedure
fails to compute the pPGS of the alternative with the highest pPGS, it might miss an
opportunity to terminate when the pPGS stopping rule is first satisfied, but the procedure’s
Bayesian guarantee would not be invalidated. Moreover, since the alternative with the
highest posterior mean would always remain in consideration, this approach would entail
taking no more observations than the approach of tracking a lower bound on pPGS(k).

We exploit Propositions 2 and 3 to develop a framework for exactly checking the pPGS
stopping rule—outlined in Procedure 1—and demonstrate its potential savings in Section 5.

4 Checking the pEOC Stopping Rule

Like pPGSi, pEOCi can be computed as a k-dimensional integral. For even a modest number
of alternatives, computing pEOCi in this way is too time consuming. We present a sequence
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Procedure 1
1. Take n0 initial replications from each alternative.

2. Let S = {1, . . . , k}.

3. For each Alternative i ∈ S, remove Alternative i from S if µi < µ(k) − δ.

4. For each Alternative i ∈ S, remove Alternative i from S if µi ≤ µj − δ/2 and ρ2i ≤ ρ2j
for some j ∈ S.

5. For each Alternative i ∈ S, calculate pPGSi as in Equation (1).

6. If pPGSi > 1− α for some Alternative i ∈ S, stop. Otherwise take additional
replications and return to Step 2.

of ideas—similar to those in Section 3—for efficiently checking the pEOC stopping rule:
identifying the alternative with the lowest pEOC and examining different approaches for
evaluating its pEOC.

In contrast to the analysis of the pPGS stopping rule, determining which alternative has
the lowest pEOC is straightforward. Proposition 5 states a well-known result.

Proposition 5
pEOC(k) = min

1≤i≤k
pEOCi.

Proof of Proposition 5. For an arbitrary Alternative i,

pEOCi = E[W[k] −Wi | E ] = E[W[k] | E ]− E[Wi | E ].

Since the term E[W[k] | E ] is independent of i, the alternative with the highest posterior
mean, Alternative (k), has the lowest pEOC. �

Proposition 5 implies that to check the pEOC stopping rule, a procedure needs to compute
the pEOC of only Alternative (k). It holds regardless of the form of the posterior distribution,
e.g., even when Assumptions 1–4 are not satisfied.

4.1 Cheap Upper Bounds

Computing a cheap upper bound on pEOC(k) and terminating when it drops below β will
ensure that a procedure delivers the pEOC guarantee. Chick and Inoue [2001a] provide one
such bound, though their name for it is somewhat of a misnomer:

pEOCi = E
[
max
j 6=i

(Wj −Wi)
+ | E

]
≤ E

[∑
j 6=i

(Wj −Wi)
+ | E

]
=
∑
j 6=i

E
[
(Wj −Wi)

+ | E
]
≡ pEOCBonf

i .
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When the true variances are unknown, the terms summed in pEOCBonf
i can be approximated

[Branke et al., 2005]. The pEOCBonf bound holds even when Assumptions 1–4 do not,
meaning that it can be applied when CRN are used.

We present another upper bound on pEOC(k)—one derived from Slepian’s inequality—
that is, to the best of our knowledge, the first of its kind. Our approach makes use of the
fact that the expected value of the nonnegative random variable W[k] −Wi can be written
as an integral over its complementary cdf:

pEOCi = E[W[k] −Wi | E ]

=

∫ ∞
0

P(W[k] −Wi > δ | E) dδ

=

∫ ∞
0

P(Wi < Wj − δ for some j 6= i | E) dδ

=

∫ ∞
0

[1− P(Wi ≥ Wj − δ for all j 6= i | E)] dδ

=

∫ ∞
0

[1− pPGSi] dδ, (2)

where pPGSi is implicitly a function of δ. Proposition 1 implies that pPGS(k) ≥ pPGSSlep
(k)

for all δ ≥ 0, hence for Alternative (k),

pEOC(k) ≤
∫ ∞
0

[1− pPGSSlep
(k) ] dδ =

∫ ∞
0

1−
∏
j 6=(k)

P(W(k) ≥ Wj − δ | E)

 dδ ≡ pEOCSlep
(k) .

The integrand in pEOCSlep
(k) features a product of k − 1 cdfs and should therefore take

roughly as long to numerically integrate as Equation (1). One minor difference is that the
cdfs in pEOCSlep

(k) deal with the difference of two normal or t-distributed random variables,
necessitating some form of analytical or numerical approximation when the true variances
are unknown and the sample sizes are unequal.

To illustrate the potential slack in the pEOCBonf
(k) and pEOCSlep

(k) bounds, we again take the
approach of evaluating them for slippage configurations of posterior means with a common
posterior variance (ρ2 = 1). We use a line search to identify the spacing of posterior means
for which pEOC(k) = β for the settings of β = 0.05, 0.1, and 0.25 and compute pEOCBonf

(k) and

pEOCSlep
(k) for the posterior distributions. Figure 2 shows that the tightness of both bounds

deteriorates as the number of alternatives increases, with the pEOCBonf
(k) bound faring worse.

The quality of the bounds also appears to suffer for larger values of β. In many instances,
the absolute error of these bounds is several times larger than the true value of pEOC(k),
suggesting that the use of these conservative bounds as surrogates for pEOC(k) may cause
a procedure to take significantly more replications than are necessary to deliver the pEOC
guarantee. This conjecture is borne out in the experimental results of Section 5.

4.2 Numerical Integration

We turn our attention to the task of computing pEOC(k) without resorting to evaluating a
k-dimensional integral. The proof of Proposition 5 indicates that one way is to calculate
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Figure 2: pEOCBonf
(k) and pEOCSlep

(k) in a slippage configuration of posterior means in which
pEOC(k) = β for β = 0.05, 0.10, and 0.25.

E[W[k] | E ] and then subtract the posterior mean E[Wi | E ] = µi. Under the posterior

distribution, the marginal pdf of W[k] is given by fW[k]|E(w) =
∑k

i=1 fWi|E(w)
∏

j 6=i FWj |E(w).
One can thus calculate

E[W[k]|E ] =

∫ ∞
−∞

w
k∑
i=1

fWi|E(w)
∏
j 6=i

FWj |E(w) dw

=
k∑
i=1

∫ ∞
−∞

w

[∏
j 6=i

FWj |E(w)

]
fWi|E(w) dw. (3)

Each of the k integrals in Equation (3) resembles that of Equation (1) with δ = 0 and
an extra factor of w in the integrand. We evaluate Equation (3) for the same experimental
setup of random problem instances as in Section 3.3 and report the timing results in Table 2.
Unsurprisingly, the computational times are roughly equivalent to k times the computational
times in Table 1. For more than a modest number of alternatives, numerically integrating
Equation (3) becomes too intensive for the purposes of checking the pEOC stopping rule.

Another approach to computing pEOCi is to substitute Equation (1) for pPGSi into
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Table 2: Average and 10th/90th percentiles of time (seconds) to numerically integrate Equa-
tion (3) for known/unknown variances and different numbers of alternatives (k) based on
100 randomly generated problem instances.

k 10 100 1000
Average (known) 0.07 0.90 23.0

Percentiles (known) [0.06, 0.08] [0.90, 1.30] [19.5, 23.7]
Average (unknown) 0.24 3.8 140

Percentiles (unknown) [0.20, 0.28] [3.6, 4.1] [132, 147]

Table 3: Average and 10th/90th percentiles of time (seconds) to numerically integrate Equa-
tion (4) for known/unknown variances and different numbers of alternatives (k) based on
100 randomly generated problem instances.

k 10 100 1000
Average (known) 0.99 1.66 5.45

Percentiles (known) [0.85, 1.23] [1.48, 1.86] [4.56, 6.29]
Average (unknown) 4.88 7.22 22.3

Percentiles (unknown) [4.03, 5.83] [6.44, 8.35] [20.0, 25.1]

Equation (2), yielding a two-dimensional integral:

pEOCi =

∫ ∞
0

[
1−

∫ ∞
−∞

[∏
j 6=i

FWj |E(w + δ)

]
fWi|E(w) dw

]
dδ

=

∫ ∞
0

∫ ∞
−∞

[
1−

∏
j 6=i

FWj |E(w + δ)

]
fWi|E(w) dw dδ. (4)

Table 3 shows that the time required to evaluate Equation (4) scales better with k
than does evaluating Equation (3), but for small numbers of alternatives it is more intensive.
Based on these timings, one might choose to evaluate Equation (3) for problems with k ≤ 100
and evaluate Equation (4) for problems with k > 100. Although pEOCi is several orders of
magnitude more expensive to compute than pPGSi, we show in Section 6 that the number of
times a procedure needs to compute pEOCi can be greatly reduced by using a Monte Carlo
estimate.

5 Experimental Results

In this section, we investigate the tradeoff between the time spent checking the stopping
rule and the total number of simulation replications taken by a procedure. Simulation
experiments give a sense of the potential reduction in the number of replications from using
the proposed methods for exactly checking the pPGS and pEOC stopping rules relative to
using bounds on these quantities. Overall savings in a procedure’s run time can be worked
out by comparing the computational times reported in Sections 3 and 4—along with the
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frequency with which the stopping rule is checked—to the average time required to simulate
a replication and the number of replications taken.

We test the proposed methods on three allocation rules: equal allocation (EA), Thomp-
son sampling (TS), and optimal computing budget allocation (OCBA). Our goal in these
experiments is not to compare the relative efficiency of allocation rules, but rather to gain
an understanding of the potential savings from exactly checking the stopping rule for various
well-known allocation rules. While EA can be inefficient—it continues to sample alternatives
that are clearly inferior—it provides a baseline for potential savings. We run the Thompson
sampling and OCBA rules fully sequentially, i.e., allocating one replication at a time, and
check the stopping rule after every replication. The TS rule randomly allocates the next
replication to Alternative i with probability pPCSi for i = 1, . . . , k [Russo, 2020]. This is
achieved by generating a random problem instance from the posterior distribution and allo-
cating the next replication to the alternative with the highest performance. We implement
fully sequential versions of the OCBA rule as presented in Branke et al. [2007]. Specifically,
for the pPGS stopping rule, the OCBA rule allocates the next replication to the alternative
that would yield the highest value of pPGSSlep

(k) if an extra observation were taken from it
and its posterior mean were unchanged. Likewise, for the pEOC stopping rule, the OCBA
rule allocates the next replication to the alternative that would yield the lowest value of
pEOCBonf

(k) .
Let Ne be the (random) number of replications taken by a procedure using the proposed

methods for exactly checking a given stopping rule and let Nb be the number of replications
taken by a procedure that terminates when a bound for the posterior quantity first crosses the
specified threshold. For both the pPGS and pEOC stopping rules, we implement the latter
approach with the Bonferroni-type and Slepian-type bounds, for a total of four variations: (1)
terminate when pPGSBonf

(k) ≥ 1−α, (2) terminate when pPGSSlep
(k) ≥ 1−α, (3) terminate when

pEOCBonf
(k) ≤ β, and (4) terminate when pEOCSlep

(k) ≤ β. Branke et al. [2007] test the second
and third variations in their experiments. For any given allocation rule and stopping rule,
Ne ≤ Nb almost surely due to the slack in the bounds. We focus on the relative difference in
the number of replications taken by a procedure when using the aforementioned approaches,
defining the fractional savings from exactly checking the stopping rule as S ≡ (Nb−Ne)/Nb.

We use a conditional Monte Carlo method known as splitting to speed up the experiments,
e.g., see Asmussen and Glynn [2007]. On each macroreplication, we record the outputs
obtained up until the exact stopping condition is first met and then generate q realizations
of the remainder of the procedure that each run until a given bound on the posterior quantity
of Alternative (k) crosses the specified threshold. In this way, one macroreplication yields q
observations of S for a given allocation rule and bound. While this method is not guaranteed
to reduce the variance of the Monte Carlo estimator of E[S], it allows us to quickly generate
identically distributed (albeit dependent) observations of the fractional savings. Multiple
independent macroreplications then yield the desired estimator as a sample average over the
macroreplication results. Because the allocation rules are carried out independent of how
the stopping rule is checked, we further exploit the splitting method to simultaneously test
pairs of bounds. More precisely, for a given allocation rule and posterior quantity of interest,
each macroreplication is split into q realizations that terminate based on the corresponding
Bonferroni-type bound and q realizations that terminate based on the corresponding Slepian-

18



type bound. As a consequence, some of the observations of S for, say, OCBA with the
pPGSBonf

(k) and pPGSSlep
(k) bounds are dependent.

We test the procedures on random problem instances generated in three settings, denoted
by RPI–1, RPI–2, and RPI–3. In each setting, −µ1, . . . ,−µk are independent and identically
distributed (i.i.d.) from a Weibull distribution with scale parameter a and shape parameter
b; i.e., the density of −µi is given by f(x; a, b) = (b/a)(x/a)b−1e−(x/a)

b
. We fix b = 2 and

vary a across settings, taking a = 4 in RPI–1, a = 1.5 in RPI–2, and a = 1 in RPI–3.
The Weibull distribution is chosen to produce problem instances for which the majority of
the alternatives have performances clustered below that of the best alternative, with a tail
of alternatives having very poor performances. A smaller scale parameter, a, causes the
performances of the alternatives to become more clustered, hence random problem instances
in RPI–3 have more good alternatives than those in RPI–1. In all settings, the sampling
variances σ2

i , i = 1, . . . , k, are i.i.d. from a chi-squared distribution with 4 degrees of freedom,
independent of µi.

In all experiments, we randomly generate problem instances with k = 100 alternatives.
We choose an initial sample size of n0 = 5 for each alternative and values of δ = 1, 1− α =
0.90 and β = 0.50. For this choice of δ, the proportions of good alternatives in RPI–1,
RPI–2, and RPI–3 are approximately 6%, 36%, and 63% respectively. Problem instances like
those in RPI–1 may arise when randomly sampling alternatives over a large feasible region,
whereas problem instances like those in RPI–2 and RPI–3 are more likely to arise when the
alternatives are feasible solutions visited by a simulation-optimization search [Boesel et al.,
2003].

For each pairing of an allocation rule and bound, we generate 5000 observations from
m = 100 macroreplications with q = 50 splits. Figure 3 shows the empirical cdfs of the
fractional savings from exactly checking the pPGS and pEOC stopping rules. Curves that
are further from the upper-left corner indicate greater fractional savings. Average fractional
savings and error estimates are reported in Table 4.

Table 4: Average fractional savings (with error estimates) relative to using bounds for the
EA, TS, and OCBA allocation rules. Estimates of 0.00±0.00 denote small average fractional
savings that round down to zero.

Bound pPGSBonf
(k) pPGSSlep

(k) pEOCBonf
(k) pEOCSlep

(k)

RPI–1
EA 0.04± 0.02 0.04± 0.01 0.26± 0.03 0.14± 0.02
TS 0.00± 0.00 0.00± 0.00 0.04± 0.01 0.00± 0.00

OCBA 0.00± 0.00 0.00± 0.00 0.06± 0.01 0.00± 0.00

RPI–2
EA 0.11± 0.02 0.10± 0.02 0.47± 0.02 0.27± 0.02
TS 0.00± 0.00 0.00± 0.00 0.29± 0.02 0.05± 0.01

OCBA 0.00± 0.00 0.00± 0.00 0.32± 0.02 0.06± 0.01

RPI–3
EA 0.12± 0.02 0.10± 0.02 0.56± 0.02 0.34± 0.02
TS 0.00± 0.00 0.00± 0.00 0.39± 0.02 0.09± 0.02

OCBA 0.00± 0.00 0.00± 0.00 0.46± 0.02 0.13± 0.01

For all allocation rules, posterior quantities, and bounds, the fractional savings are great-
est in RPI–3 and smallest in RPI–1. Our explanation for this is that when the true per-
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Figure 3: ECDFs of fractional savings for the pPGS and pEOC stopping rules relative to
Bonferroni and Slepian bounds EA, TS, and OCBA allocation rules in RPI–1, RPI–2, and
RPI–3. The height of each curve at any value of s is accurate to within ±0.1 with 95%
confidence.
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formances are clustered closer together, the posterior means are more likely to be clustered
together, which in turn leads to more slack in the Bonferroni- and Slepian-type bounds. In
all cases, the potential savings when using the EA rule are also greater than those when
using more efficient allocation rules. This can be partially explained by the fact that failing
to stop as soon as possible incurs a cost of at least k additional replications under EA.

For the EA rule, the upper tails of the fractional savings relative to the pPGSBonf
(k) and

pPGSSlep
(k) bounds exceed 10% for a nontrivial proportion of the runs in all settings. On the

other hand, the average fractional savings for the TS and OCBA rules are minimal, though
in RPI–2 and RPI–3 there is the potential for fractional savings of up to 20%. Overall, the
results suggest that when using efficient allocation rules, there is limited upside to exactly
checking the pPGS stopping rule in realistic problem instances. The results also support the
conjecture of Peng et al. [2018a] that in high-confidence settings, the pPGSSlep bound will
closely align with the pPGS.

The fractional savings for the pEOC stopping rule with the pEOCBonf
(k) and pEOCSlep

(k)

bounds are much greater than those for the pPGS bounds. This can be explained by the
looseness of the pEOCBonf

(k) and pEOCSlep
(k) bounds, especially when the posterior means are

clustered together. Compared to the pEOCBonf
(k) bound that appears in the literature, exactly

checking the stopping rule in RPI–2 and RPI–3 yields average fractional savings of about
25–45% for the TS and OCBA allocation rules, with the potential for two- and three-fold
savings. Compared to the pEOCSlep

(k) bound we introduce, exactly checking the stopping rule

in RPI–2 and RPI–3 yields average fractional savings of about 5–15% for the TS and OCBA
allocation rules.

6 Monte Carlo Precheck

The results in Section 5 demonstrate how exactly checking the stopping rule can reduce
the number of replications taken until a procedure terminates. These savings come at a
cost, however, since frequently evaluating the posterior quantity of interest can amount to
a nontrivial computational time, even with the proposed methods for accelerating these
operations. Can one achieve the best of both worlds: smaller sample sizes with little extra
computational effort?

We provide an affirmative answer by taking advantage of the observation that when the
posterior quantity of interest is far from its intended threshold, it is not worth computing.
Specifically, we explore the use of a cheap Monte Carlo estimate of the posterior quantity
to “precheck” the stopping rule. By this we mean that the posterior quantity is exactly
evaluated and compared to the threshold only when a Monte Carlo estimate of it crosses the
threshold. In this way, the relatively expensive operation of exactly computing the posterior
quantity is performed less frequently, yet the statistical validity of the procedure’s Bayesian
guarantee is maintained.

Monte Carlo estimators of pPGSi and pEOC(k) can be attained by generating r in-

dependent random problem instances W (1), . . . ,W (r) from the posterior distribution and
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computing

p̂PGSi ≡
1

r

r∑
l=1

1
{
W

(l)
i ≥ W

(l)
[k] − δ

}
(5)

and

p̂EOC(k) ≡
1

r

r∑
l=1

(
W

(l)
[k] −W

(l)
(k)

)
, (6)

where the index [k] in Equations (5) and (6) is defined with respect to each W (l). The
variances of these Monte Carlo estimators can be further reduced by using conditional Monte
Carlo schemes that exploit properties of elliptical distributions [Jian and Henderson, 2017,
Ahn and Kim, 2018], though our empirical results suggest that these crude estimators are
adequate for at least modest-sized problems. The finer precision offered by such techniques
should be weighed against the added computational cost of implementing them.

Procedure 2 outlines the Monte Carlo precheck method for the pEOC stopping rule.

Procedure 2
1. Take n0 initial replications from each alternative.

2. Calculate p̂EOC(k) as in Equation (6).

3. If p̂EOC(k) < β, calculate pEOC(k) as in Equation (3) or (4). Otherwise take
additional replications and return to Step 2.

4. If pEOC(k) < β, stop. Otherwise take additional replications and return to Step 2.

To illustrate the effectiveness of the Monte Carlo precheck method, we implement Pro-
cedure 2 with r = 10,000 for the TS allocation rule and RPI–2 using the experimental setup
from Section 5. We evaluate four methods for checking the stopping rule: using the pEOCBonf

(k)

bound, using the pEOCSlep
(k) bound, exactly calculating pEOC(k) via Equation (3), and Monte

Carlo prechecking. For each method, we track the total number of replications taken, N ,
as well as the total computational time spent determining whether to terminate, denoted
by T . Let Nmc and Tmc denote these quantities for the Monte Carlo precheck method. On
each of M = 100 macroreplications, we couple the procedures by generating the replications
determined by the TS allocation rule, simultaneously collecting sample size and timing data
for all four procedures, and terminating when the last procedure stops.

Due to the fixed initial sample size of n0 = 5 for each system, 500 is a lower bound
on Nb, Ne, and Nmc, as is evident in their ecdfs shown in Figure 4a. The ecdf of Nmc is
virtually indistinguishable from that of Ne, demonstrating that the Monte Carlo precheck
method captures nearly all of the sample-size savings relative to using the pEOCBonf

(k) and

pEOCSlep
(k) bounds. (The unexpected crossing of the ecdf curves for NSlep

b and Ne is likely

due to the imprecision of the Welch approximation in the pEOCSlep
(k) bound.) Furthermore,

the computational times associated with the Monte Carlo precheck method are roughly one
tenth those of exactly checking the stopping rule, as illustrated in Figure 4b. Together, these

22



plots demonstrate how the Monte Carlo precheck method can further reduce the overall run
time of a procedure. Although using bounds remains the cheapest approach in terms of the
computational time spent checking whether to terminate, T , in many if not most practical
settings, we expect this to be outweighed by the excessive sample sizes depicted in Figure 4a.
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(a) Sample Size
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(b) Computation Time

Figure 4: ECDFs of the total sample size and time spent checking the pEOC stopping rule
with the TS allocation for RPI–2. The height of each curve at any value of n or t is accurate
to within ±0.1 with 95% confidence.

These results further suggest that using a Monte Carlo estimator to directly check the
stopping rule may yield a procedure with sample sizes comparable to Ne and computational
times comparable to TBonf

b and T Slep
b . However, terminating a procedure based solely on

when a Monte Carlo estimate crosses the specified threshold would invalidate the Bayesian
guarantee. (Terminating a procedure based on Monte Carlo integration of Equations (1),
(3), or (4), though appealing when the number of alternatives is large, would likewise lead
to invalidated guarantees.) This raises a critical question: how might one weigh this added
computational efficiency against the loss of a rigorous Bayesian guarantee?

Before answering, we stress that this is not purely a hypothetical question. When As-
sumption 1—normally distributed observations—is not justified, Slepian-type bounds are
generally unavailable. Moreover, when one uses common random numbers or a prior dis-
tribution with correlated beliefs, Assumptions 3 and 4, respectively, are not satisfied and
the posterior distribution no longer has a product form. Consequently, the k-dimensional
integrals for pPGSi and pEOCi cannot be reduced to one- and two-dimensional integrals.
In short, the pPGSBonf

(k) and pEOCBonf
(k) bounds are among the few computationally tractable

means available for checking stopping rules while maintaining a procedure’s statistical va-
lidity. From Figures 4a and 4b, it is evident that using a Monte Carlo estimator to directly
check the pEOC stopping rule would yield an appreciable reduction in a procedure’s run
time relative to using the pEOCBonf

(k) bound.
In such cases, we advocate for using a Monte Carlo estimator to directly check a stopping

rule, believing that the substantial savings in a procedure’s run time more than compensate
for a slight deterioration in its Bayesian guarantee. In support of this contention, we track
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Figure 5: Histogram of the posterior EOC of the selected alternative (pEOCd) upon termi-

nation when using the Monte Carlo estimator p̂EOC(k) to directly check the stopping rule.
The vertical dashed line indicates the nominal guarantee of pEOCd ≤ β = 0.5.

a fifth procedure within the previous experiment—one that uses that uses the Monte Carlo

estimator p̂EOC(k) to directly check the stopping rule. Figure 5 shows a histogram of the
pEOC of the selected alternative upon termination. Indeed, on 72% of the macroreplications,
the pEOC guarantee is attained, and when it is not, departures from the nominal β = 0.5
are minimal. Alternatively, using a Monte Carlo upper confidence bound on pEOC(k) to
directly check the stopping rule could make it more likely that pEOCd < 0.5, although with
slightly larger total sample sizes.

For those with reservations about sacrificing a rigorous Bayesian guarantee, we point
out that even in the case where Assumption 1 holds, the Welch approximations commonly
used in pPGSBonf

(k) , pPGSSlep
(k) , and pEOCBonf

(k) introduce an error that could compromise the
guarantee, and yet they receive no such scrutiny.

7 Conclusion

We study R&S procedures that deliver Bayesian guarantees by tracking a posterior quantity
of interest—such as the pPGS or pEOC—and terminating when it crosses a threshold. For
the pPGS stopping rule, we devise several methods for restricting attention to a small set of
alternatives that could satisfy the stopping rule. We also derive a new Slepian-type bound
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on the pEOC of the alternative with the highest posterior mean. We investigate ways to
exactly compute the pPGS and pEOC of an alternative and demonstrate the looseness of
cheap bounds on these quantities for problems with large numbers of alternatives. Numerical
experiments indicate that implementing these methods can translate into savings in the
number of replications a procedure takes. Savings for the pPGS stopping rule are limited,
while those for the pEOC stopping rule can be substantial, particularly in problem instances
in which the performances of alternatives are similar. In addition, potential savings relative
to using Bonferroni-type bounds are greater than those relative to using Slepian-type bounds.
An interesting, open question is how using the exact values (as opposed to bounds) of the
pPGS and pEOC of alternatives within allocation rules could impact their sampling efficiency.

We also examine how using a Monte Carlo estimator to precheck a stopping rule can
yield appreciable computational savings while preserving a procedure’s Bayesian guarantee.
Furthermore, we observe that using a Monte Carlo estimator to directly check a stopping
rule, without calculating the exact posterior quantity, can further reduce the computational
time, while slightly weakening the Bayesian guarantee. This is an appealing approach for
situations in which the posterior quantity cannot be conveniently computed via numerical
integration, e.g., when sampling or prior beliefs are correlated.

Our work also motivates further research on the scalability of Bayesian selection proce-
dures for problems with large numbers of alternatives. Important concerns in this setting
are the computational costs of integrating or estimating posterior quantities of interest and
implementing allocation rules. While frequentist procedures have been developed to tackle
R&S problems with up to a million alternatives [Ni et al., 2017, Pei et al., 2018], the limits
of Bayesian selection procedures remain underexplored. Moreover, the standard guarantees
on pPGSd and pEOCd may be ill-suited objectives for large-scale problems.
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Appendices

A Proof of Proposition 1

To prove Proposition 1, we will make use of the following two results:

Lemma 1 [Slepian, 1962] Let Z1, . . . , Zd be normally distributed random variables with
Cov(Zi, Zj) ≥ 0 for all i, j. For any constants cj, j = 1, . . . , d,

P

(
d⋂
j=1

{Zj ≥ cj}

)
≥

d∏
i=1

P(Zj ≥ cj).

Lemma 2 [Tamhane, 1977] Let V1, . . . , Vk be independent random variables. For any non-
negative, real-valued functions gj(v1, . . . , vk) for j = 1, . . . , d that are each nondecreasing in
each of their arguments,

E

[
d∏
j=1

gj(V1, . . . , Vk)

]
≥

d∏
j=1

E[gj(V1, . . . , Vk)].

We now prove Proposition 1.

Proof of Proposition 1

We find it easier to work with the precisions λi = 1/σ2
i for i = 1, . . . , k. Under Assump-

tions 1–4, the normal-gamma conjugate prior distribution for the mean and precision of
Alternative i features a conditional prior distribution of Wi | λi ∼ N (µ0

i , 1/(ν
0
i λi)) where µ0

i

and ν0i are hyperparameters specified by the decision-maker [DeGroot, 2004]. After observ-
ing xi1, . . . , xini

from Alternative i, the conditional posterior distribution of the performance
of Alternative i is given by

Wi | {λi, E} ∼ N
(
ν0i µ

0
i + nix̄i
ν0i + ni

,
1

(ν0i + ni)λi

)
,

and therefore

Wi −Wj | {λi, λj, E} ∼ N
(
ν0i µ

0
i + nix̄i
ν0i + ni

−
ν0jµ

0
j + njx̄j

ν0j + nj
,

1

(ν0i + ni)λi
+

1

(ν0j + nj)λj

)
.

From the definition of pPGSi,

pPGSi = P

(⋂
j 6=i

{Wi −Wj ≥ −δ} | E

)
.
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Conditioning on the posterior precisions Λ1, . . . ,Λk allows Lemma 1 to be applied with
Zj = Wi −Wj | {λ1, . . . , λk, E}:

P

(⋂
j 6=i

{Wi −Wj ≥ −δ} | E

)
= E

[
P

(⋂
j 6=i

{Wi −Wj ≥ −δ} | Λ1, . . . ,Λk, E

)
| E

]

≥ E

[∏
j 6=i

P (Wi −Wj ≥ −δ | Λ1, . . . ,Λk, E) | E

]
Since µi − µj ≥ −δ for all j 6= i, the functions

gj(λ1, . . . , λk) = P (Wi −Wj ≥ −δ | λ1, . . . , λk, E) ,

are nonnegative and nondecreasing in λ1, . . . , λk for all j 6= i. By Lemma 2,

E

[∏
j 6=i

P (Wi −Wj ≥ −δ | Λ1, . . . ,Λk, E) | E

]
≥
∏
j 6=i

E [P (Wi −Wj ≥ −δ | Λ1, . . . ,Λk, E) | E ]

=
∏
j 6=i

P (Wi ≥ Wj − δ | E) . �

B Proof of Proposition 3

Let Y := max` 6=i,jW`, the highest performance of the alternatives, excluding Alternatives i
and j. From the definition of the pPGS:

pPGSi = P(Wi ≥ Y − δ,Wi ≥ Wj − δ | E) = P(Wi ≥ Y − δ | Wi ≥ Wj − δ, E)P(Wi ≥ Wj − δ | E),

(7)

pPGSj = P(Wj ≥ Y − δ,Wj ≥ Wi − δ | E) = P(Wj ≥ Y − δ | Wj ≥ Wi − δ, E)P(Wj ≥ Wi − δ | E).

(8)

We show that pPGSi < pPGSj by proving that the two terms on the right-hand side of
Equation (7) are each less than their corresponding terms on the right-hand side of Equation
(8).

For the second terms,

P(Wi ≥ Wj − δ | E) = P(Wj −Wi ≤ δ | E) = P(N (µj − µi, ρ2i + ρ2j) ≤ δ) = Φ

δ − µj + µi√
ρ2i + ρ2j


< Φ

δ − µi + µj√
ρ2i + ρ2j

 = P(N (µi − µj, ρ2i + ρ2j) ≤ δ) = P(Wi −Wj ≤ δ | E)

= P(Wj ≥ Wi − δ | E).

For the first terms, we condition on the value of the difference between Wi and Wj:

P(Wi ≥ Y − δ | Wi ≥ Wj − δ, E) =

∫ ∞
−δ

P(Wi ≥ Y − δ | Wi−Wj = z, E)fWi−Wj |E(z) dz, (9)
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where fWi−Wj |E(·) is the pdf of Wi − Wj | E . Relating Equation (9) to the integral that
arises from the first term on the right-hand side of Equation (8) involves several steps. First,
we relate the pdf of Wi −Wj | E to that of Wj −Wi | E via a shift. Next, we show that
Wi | {Wi −Wj = z, E} is stochastically monotone increasing in z. Finally, we show that for
z ≥ 0, Wi | {Wi−Wj = z, E} is first-order stochastically dominated byWj | {Wj−Wi = z, E}.

For the first step, Wi−Wj | E ∼ N (µi−µj, ρ2i +ρ2j) and Wj−Wi | E ∼ N (µj−µi, ρ2i +ρ2j).
Thus the pdf of Wj −Wi | E is identical to that of Wi−Wj | E , but shifted 2(µj −µi) to the
right, i.e., fWi−Wj |E(z) = fWj−Wi|E(z + 2(µj − µi)).

By substitution into Equation (9),

P(Wi ≥ Y−δ | Wi ≥ Wj−δ, E) =

∫ ∞
−δ

P(Wi ≥ Y−δ | Wi−Wj = z, E)fWj−Wi|E(z+2(µj−µi)) dz,

(10)
For the second and third steps, we consider the joint distribution of Wi and Wi −Wj

given E :(
Wi

Wi −Wj

)
∼MVN

((
µi

µi − µj

)
,

(
λ2i λ2i
λ2i λ2i + λ2j

))
≡MVN

((
ν1
ν2

)
,

(
Σ11 Σ12

Σ21 Σ22

))
.

The conditional means and variances of Wi given Wi −Wj = z and E can be obtained from
the conditional formula for the multivariate normal distribution:

E[Wi | Wi −Wj = z, E ] = ν1 + Σ12Σ
−1
22 (z − ν2)

= µi −
ρ2i

ρ2i + ρ2j
(z − (µi − µj))

=
ρ2j

ρ2i + ρ2j
µi +

ρ2i
ρ2i + ρ2j

µj +
ρ2i

ρ2i + ρ2j
z,

Var[Wi | Wi −Wj = z, E ] = Σ11 − Σ12Σ
−1
22 Σ21

= ρ2i − ρ2i
(

1

ρ2i + ρ2j

)
ρ2i

= ρ2i

(
1− ρ2i

ρ2i + ρ2j

)
=

ρ2i ρ
2
j

ρ2i + ρ2j
.

Hence

Wi | {Wi −Wj = z, E} ∼ N
(

ρ2j
ρ2i + ρ2j

µi +
ρ2i

ρ2i + ρ2j
µj +

ρ2i
ρ2i + ρ2j

z,
ρ2i ρ

2
j

ρ2i + ρ2j

)
, (11)

and similarly

Wj | {Wj −Wi = z, E} ∼ N
(

ρ2j
ρ2i + ρ2j

µi +
ρ2i

ρ2i + ρ2j
µj +

ρ2j
ρ2i + ρ2j

z,
ρ2i ρ

2
j

ρ2i + ρ2j

)
. (12)
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Because the conditional distributions in Equations (11) and (12) have the same variance—
which is not a function of z—and different means, two forms of stochastic dominance can
be shown. First, we see from Equation (11) that Wi | {Wi −Wj = z, E} is stochastically
monotone in z. In other words, for values z1 and z2 satisfying z1 < z2,

Wi | {Wi −Wj = z1, E} ≤st Wi | {Wi −Wj = z2, E},

where ≤st denotes first-order stochastic dominance. This means that for any value y,

P(Wi ≥ y | Wi −Wj = z1, E) ≤ P(Wi ≥ y | Wi −Wj = z2, E).

Thus for the random variable Y , which is independent of Wi and Wj,

P(Wi ≥ Y | Wi −Wj = z1, E) ≤ P(Wi ≥ Y | Wi −Wj = z2, E).

Second, it follows from Equations (11) and (12) that for z > 0,

Wi | {Wi −Wj = z, E} ≤st Wj | {Wj −Wi = z, E}.

Hence for z > 0,

P(Wi ≥ Y | Wi −Wj = z, E) ≤ P(Wj ≥ Y | Wj −Wi = z, E).

Applying these two properties to Equation (10) yields,

P(Wi ≥ Y − δ | Wi ≥ Wj − δ, E)

=

∫ ∞
−δ

P(Wi ≥ Y − δ | Wi −Wj = z, E)fWj−Wi
(z + 2(µj − µi)) dz

≤
∫ ∞
−δ

P(Wi ≥ Y − δ | Wi −Wj = z + 2(µj − µi), E)fWj−Wi
(z + 2(µj − µi)) dz

≤
∫ ∞
−δ

P(Wj ≥ Y − δ | Wj −Wi = z + 2(µj − µi), E)fWj−Wi
(z + 2(µj − µi)) dz, (13)

where the second inequality relies on the fact that for z > −δ, z + 2(µj − µi) > 0 since
µi ≤ µj − δ/2 by hypothesis.

By a change of variables and adding a positive term to the integral in Equation (13),

P(Wi ≥ Y − δ | Wi ≥ Wj − δ, E) ≤
∫ ∞
2(µj−µi)−δ

P(Wj ≥ Y − δ | Wj −Wi = z′, E)fWj−Wi
(z′) dz′

<

∫ ∞
−δ

P(Wj ≥ Y − δ | Wj −Wi = z′, E)fWj−Wi
(z′) dz′

= P(Wj ≥ Y − δ | Wj ≥ Wi − δ, E).

Having shown that P(Wi ≥ Wj − δ | E) < P(Wj ≥ Wi − δ | E) and

P(Wi ≥ Y − δ | Wi ≥ Wj − δ, E) < P(Wj ≥ Y − δ | Wj ≥ Wi − δ, E),

it follows from Equations (7) and (8) that pPGSi < pPGSj. �
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C Proof of Proposition 4

Let k ≥ 3, δ > 0 and γ > 0 be given. Without loss of generality, let i = 1 and j = 2. Set
the posterior means µ1 = 0, µ2 = δ/2 − γ, µ3 = δ, and µ` = −1 for all ` > 3. Set the
posterior variances ρ22 = 1, and ρ2` = 0 for all ` 6= 2. Then System 1 is a good system if and
only if the mean of System 2 is ≤ δ, which has probability Φ(δ/2 + γ). System 2 is a good
system if and only if the mean of System 2 is ≥ 0, which has probability Φ(δ/2− γ). Hence,
pPGS1 > pPGS2, as desired.

The example just given has 0 posterior variances, which may seem artificial. But by
constructing an example with very small variances and nearly the same means, we obtain a
similar example. To that end, again, let k ≥ 3, δ > 0 and γ > 0 be given. Choose ε > 0
smaller than min{δ/2, γ}. Set µ1 = ε, µ2 = δ/2 + ε−γ, µ3 = δ− ε and µ` = −1 for all ` > 3.
Set ρ22 = 1 and ρ2` = ρ2 ∈ (0, 1) for all ` 6= 2. As ρ→ 0,

W (ρ) =



W1(ρ)
W2(ρ)
W3(ρ)
W4(ρ)

...
Wk(ρ)


d
=



ρZ1 + ε
Z2 + δ/2 + ε− γ
ρZ3 + δ − ε
ρZ4 − 1

...
ρZk − 1


d→



ε
Z2 + δ/2 + ε− γ

δ − ε
−1
...
−1


≡



W 1

W 2

W 3

W 4
...
W k


= W ,

where Z1, . . . , Zk are independent standard normal random variables and
d→ denotes conver-

gence in distribution. Define

A1 =


−1 1 0 0 · · · 0
−1 0 1 0 0
−1 0 0 1 0
...

...
. . . 0

−1 0 0 0 0 1

 and A2 =


1 −1 0 0 · · · 0
0 −1 1 0 0
0 −1 0 1 0
...

...
. . . 0

0 −1 0 0 0 1

 .

By the Continuous Mapping Theorem, A1W (ρ)
d→ A1W and A2W (ρ)

d→ A2W as ρ→ 0.
Let 1k−1 be a (k − 1)-column vector of ones. Since δ1k−1 is a continuity point of the

distribution of A1W ,

pPGS1(ρ) = P(A1W (ρ) ≤ δ1k−1)→ P(A1W ≤ δ1k−1) = P(Z2+δ/2+ε−γ ≤ δ+ε) = Φ(δ/2+γ).

Similarly,

pPGS2(ρ) = P(A2W (ρ) ≤ δ1k−1)→ P(A2W ≤ δ1k−1)

= P(Z2 + δ/2 + ε− γ ≥ −ε)
= P(−Z2 ≤ δ/2 + 2ε− γ) = Φ(δ/2 + 2ε− γ).

Since δ/2 + γ > δ/2 + 2ε − γ, ρ2 > 0 can be made sufficiently small so that pPGS1(ρ) >
pPGS2(ρ), as desired. �
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