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Abstract

It is tempting to reuse replications taken during a simulation optimization search
as input to a ranking-and-selection procedure. However, even when the random inputs
used to generate replications are i.i.d. and independent across systems, we show that
for searches that use the observed performance of explored systems to identify new
systems, the replications are conditionally dependent given the sequence of returned
systems. Through simulation experiments, we demonstrate that reusing the replica-
tions taken during search in selection and subset-selection procedures can result in
probabilities of correct and good selection well below the guaranteed levels. Based on
these negative findings, we call into question the guarantees of established ranking-
and-selection procedures that reuse search data. We also rigorously define guarantees
for ranking-and-selection procedures after search and discuss how procedures that only
provide guarantees in the preference zone are ill-suited to this setting.

1 Introduction

Real-world simulation optimization problems often feature a large, possibly uncountable,
number of systems and a limited computational budget with which to evaluate them. To have
any hope of tackling such problems, practitioners must restrict their attention to evaluating
only a subset of systems. In the absence of structural information about the objective
function, candidate systems are usually identified via sampling or search.

Whereas sampling methods, e.g. random sampling, Latin hypercube sampling, and or-
thogonal designs, determine a set of candidate systems without regard to observed per-
formance, search methods move from system to system, taking replications and using the
observed performance of explored systems to identify the next system. As a result, search
methods are expected to return better systems than sampling. Search methods used in sim-
ulation optimization problems range from the näıve, e.g. random search, to more advanced
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methods combined with optimization, e.g. stochastic approximation, sample average approx-
imation; see, for example, Chapters 18, 20, and 21 of [12] and Chapters 10, 11, and 12 of [9]
for more discussion.

As pointed out by [5], heuristic search methods, e.g. simulated annealing, Nelder-Mead,
and tabu search, do not typically guarantee convergence to the globally optimal system and
procedures with guarantees of converging to a local optimum often require the simulation
budget to approach infinity. In either case, no finite-time guarantee is made with respect to
identifying the best system among those explored. To obtain a statistical guarantee of this
kind, ranking-and-selection procedures can be applied on the set of candidate systems [5].

Ranking-and-selection procedures specify how to take sufficient replications of each sys-
tem to provide a statistical guarantee with respect to two objectives: selection and subset
selection. Selection procedures provide a guarantee on the probability of selecting the best
system—in terms of performance—of a set of systems. This guarantee is often conditional on
the performance of the best system being at least δ better than the second best, where δ > 0
is an indifference-zone parameter specified by the decision-maker. When this condition is not
satisfied, some selection procedures still provide a guarantee on the probability of selecting
a good system—one whose performance is strictly within δ of the best. On the other hand,
subset-selection procedures provide a guarantee on the probability that a returned subset
includes the best system.

[4, 5] examine how ranking-and-selection procedures can be applied on a database of
explored systems to “clean up” after search. [4] outline how simulation optimization software
can be configured to permit ranking and selection after search. [5] further elucidate selection
and subset-selection procedures that reuse replications taken during a heuristic search. The
procedures give guarantees on the probability of correct selection for instances in which the
configuration of the set of returned systems is in the preference zone, i.e., the best system is
at least δ better than the others.

It is enticing to reuse the replications gathered during a search as input to a ranking-and-
selection procedure, especially when generating simulation replications is computationally
expensive. Nevertheless, search data violates one of the key assumptions of most ranking-
and-selection procedures: that replications are independent across systems. More specifi-
cally, since the identities of new systems depend on the observed performance of previously
explored systems, the replications taken during search are conditionally dependent given the
sequence of returned systems. This conditional dependence causes issues when attempting
to make guarantees conditional on the output of a search. Through simulation experiments,
we demonstrate how this dependence can undermine the guarantees of ranking-and-selection
procedures that reuse search data.

Similar issues will arise for other applications of ranking-and-selection procedures in which
search data is reused. For instance, ranking-and-selection procedures have been embedded
within various search methods to provide some degree of statistical control at each iteration
of the search; examples include nested partitions [20], simulated annealing [1], and pattern
search [25], all of which do not reuse past replications. In this setting, a notable ranking-
and-selection procedure that reuses previously collected replications is Sequential Selection
with Memory (SSM) [23]. SSM provides a guarantee on the probability of selecting the best
candidate system in a given search iteration. SSM has been applied within random search
[23] and nested partitions for discrete-variable optimization [22]. See [21] for an earlier
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presentation of SSM.
[13] address a related setting in which systems are revealed in batches by a generic

“system-generating algorithm” that can be considered a search. In this framework, selection
decisions are made at each iteration and early selection decisions are intended to direct the
search in identifying new systems. In making each selection decision, the proposed procedures
reuse the past replications of systems returned in earlier batches. These procedures provide
guarantees over the selection decisions at each search iteration as well as an overall guarantee
on the system ultimately selected.

In this paper, we focus on ranking-and-selection procedures designed for normally-distributed
replications. Although this assumption appears restrictive, it is often approximately satisfied
when performance measures are the result of batching individual replications into macrorepli-
cations and appealing to the Central Limit Theorem. When this normality assumption is
not fully justified, other procedures might be used, e.g. [14] and [10]. A related class of
examples arises in the literature of multi-armed bandits in pure exploration, wherein the
objective is to identify the best system in finite time. Existing procedures provide probably
approximately correct (PAC) guarantees, i.e., a system within δ of the best is selected with
probability above a prespecified level [7]. The PAC guarantees of these selection procedures
could also be negatively affected by reusing search data.

The remainder of the paper is outlined as follows. In Section 2, we rigorously define the
types of guarantees that arise from applying ranking and selection after sampling or search
and discuss conditions under which these guarantees hold. In the process, we explain why
guarantees based on the indifference-zone formulation are unsatisfactory. In Section 3, we
present a search-like method, called Adversarial Search, in which an adversary introduces
new systems in a way that exploits the conditional dependence of search data. In Section 4,
we test several selection and subset-selection procedures that reuse the replications taken by
Adversarial Search. We also test a subset-selection procedure that reuses data from a more
realistic search. In Section 5 we summarize our findings and outline open research questions.

2 Ranking and Selection after Sampling or Search

We consider the optimization problem maxx∈Θ g(x) where Θ is a space of systems, presum-
ably large, and g : Θ 7→ R is an objective function. Here x represents a vector of decision
variables, e.g. simulation parameters, and is henceforth referred to as a system. In keep-
ing with convention, we use x when the identity of a system is fixed and X when it is a
random variable. At a given system x, the objective function can only be estimated from
noisy replications Yj(x), j = 1, 2, . . ., satisfying g(x) = E[Yj(x)]. We further assume that
the replications are of the form Yj(x) = g(x) + σ(x)ξj where σ(x) represents the variability
at system x and the random error terms ξj ∼ N (0, 1) are i.i.d. In this paper, we consider
only ranking-and-selection procedures for which the random error terms ξj are independent
across systems. In doing so, we leave unanswered the question of whether our results extend
to ranking-and-selection procedures that make use of common random numbers, e.g. [18].

3



2.1 Sampling vs. Search

We use the term sampling to describe methods that choose systems X1, . . . , Xk ∈ Θ without
the need to take any replications, where k is specified in advance by the decision-maker.
More precisely, sampling methods are of the form Xi ∈ mFi−1 (Xi is measurable w.r.t. Fi−1)
for i = 1, . . . , k, where Fi−1 := σ{X1, . . . , Xi−1, U0, . . . Ui−1}, is the σ-field generated by all
information obtained just prior to the identification of system Xi and Ui−1 represents an
(optional) random input associated with identifying system Xi. In other words, each system
returned by a sampling method is a deterministic function of the sequence of previously
returned systems and the random inputs used to identify them.

In contrast, we define search methods to be those that on the ith iteration take n0i

replications of a system Xi and identify the (i+ 1)st system based on these replications and
those of previously explored systems. More precisely, let Y(Xi) := [Y1(Xi), . . . , Yn0i

(Xi)]
T be

the vector of n0i replications of system Xi and let Ȳ (Xi) := (n0i)
−1
∑n0i

j=1 Yj(Xi) denote the

sample mean of these replications; thus Ȳ (Xi) is a conditionally unbiased estimator of g(Xi)
conditioned onXi. Then search methods are of the formXi ∈ mGi−1 (Xi is measureable w.r.t.
Gi−1) for i = 1, . . . , k where Gi−1 := σ{X1, . . . , Xi−1,Y(X1), . . . ,Y(Xi−1), U0, . . . , Ui−1}. By
containing all of the search data Y(X1), . . . ,Y(Xi−1), the σ-field Gi−1 is very general; all of
the search methods we consider use only the sample means Ȳ (X1), . . . , Ȳ (Xi−1).

By using the replications Y(X1), . . . ,Y(Xi−1) to choose system Xi, search methods may
return better systems than sampling methods. However, this improvement in the quality of
returned systems comes at a cost: the replications taken during search are dependent across
systems. In particular, because the identity of a new system is dependent on the observed
performance—and not just the identities—of previously explored systems, the search data
are conditionally dependent given the sequence of returned systems.

To help illustrate this dependence, consider a small example in which only two systems
X1 and X2 are returned by a search. Their replications are

Yj(X1) = g(X1) + σ(X1)ξ1j for j = 1, . . . , n01,

Yl(X2) = g(X2) + σ(X2)ξ2l for l = 1, . . . , n02,

where ξij denotes the random error term of the jth replication of the ith returned system.
Although the random error terms ξ1j and ξ2l are independent for all j and l, the repli-
cations Yj(X1) and Yl(X2) are dependent because the identity of the second system, X2,
depends—through the search—on the identity of the first system X1 and its replications
Y(X1). Furthermore, when we condition on the identities of the returned systems, i.e., the
event {X1 = x1, X2 = x2}, the fact that X2 = x2 provides information about Y(x1) and
therefore about the replications Yj(X1) and their error terms ξ1j. Because of this information
about the observed performance of system X1, the replications Yj(X1), j = 1, . . . , n01 are
conditionally dependent given the sequence of the returned systems.

In the preceding argument, by comparing the replications of systems X1 and X2 we
implicitly assumed knowledge of the order in which the systems were returned by the search;
in our notation the subscript indices indicate that system X1 was returned before system
X2. While this information is often available in practice, we argue that knowledge of the
order of returned systems is not necessary for search data to be conditionally dependent.
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That is, if the returned systems were randomly permuted after the search, so that their
initial ordering was no longer known, the search data would still be dependent conditioned
only on the identities of the returned systems. As justification for this claim, all of the
ranking-and-selection procedures tested in this paper—and almost all ranking-and-selection
procedures in general—are invariant under permutation, i.e., they make the same selection
decisions regardless of the order in which the systems are labeled. Our experimental results
for these procedures when reusing search data (see Section 4) show lower probabilities of
correct and good selection compared to the case of independent data. These results suggest
that search data can be conditionally dependent given the identities of the returned systems.
We will discuss in Section 2.4 how this conditional dependence can affect the guarantees of
ranking-and-selection procedures that reuse search data.

2.2 Guarantees of Ranking-and-Selection Procedures

We introduce notation necessary for describing aspects of ranking-and-selection procedures.
Let X := {x1, . . . , xk} ⊆ Θ denote a fixed set of systems and define the vectors µ :=
[g(x1), . . . , g(xk)]

T and Σ := [σ2(x1), . . . , σ2(xk)]
T . Thus µ and Σ are the means and vari-

ances, respectively, of the normal distributions from which replications of systems x1, . . . , xk
are drawn. Let x[i] denote the ith system when the systems are ordered by the objective
function g, i.e., g(x[1]) ≤ g(x[2]) ≤ · · · ≤ g(x[k]).

Ranking-and-selection procedures can be classified into two types: selection and subset-
selection. Selection procedures ultimately select a single system, denoted xK , that is believed
to be the best while subset-selection procedures return a subset of systems I ⊆ X that is
believed to contain the best system. Ranking-and-selection procedures are concerned with
the events of correct selection (CS), i.e., selecting or preserving the best system, and good
selection (GS), i.e., selecting or preserving a system whose performance is strictly within δ of
the best. For selection procedures, correct and good selection are defined as CS := {µ(xK) =
µ(x[k])} and GS := {µ(xK) ≥ µ(x[k])− δ}. For subset-selection procedures, correct and good
selection are likewise defined as CS := {x[k] ∈ I} and GS := {∃x ∈ I s.t. g(x) > g(x[k])− δ}.

In the literature, µ is referred to as the configuration of the systems. The preference
zone is defined as PZ(δ) := {µ : g(x[k]) − g(x[k−1]) ≥ δ}, the set of configurations in which
the best system is at least δ better than the second best. Similarly, the indifference zone
IZ(δ) is defined to be the complement of the preference zone. Both zones are parameterized
by a scalar δ > 0, whose value is chosen to reflect the largest difference in performance to
which the decision-maker is indifferent. Thus for configurations in the preference zone, the
decision-maker strongly prefers the best system to the other systems.

Ranking-and-selection procedures often give guarantees on the probability of correct se-
lection (PCS) based on the indifference-zone formulation:

P(µ,Σ)(CS) ≥ 1− α for all µ ∈ PZ(δ), (1)

for 1/k < 1 − α < 1 where P(µ,Σ) is the probability measure with respect to the normal
distributions specified by the elements of µ and Σ. That is, for any configuration in the
preference zone, the ranking-and-selection procedure guarantees a lower bound on PCS.
Some procedures also give guarantees on the probability of good selection (PGS), regardless
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of whether the configuration is in the preference zone:

P(µ,Σ)(GS) ≥ 1− α for all µ. (2)

Guarantee (2) implies Guarantee (1) because in PZ(δ) the only good system is the best
system.

2.3 PGS and PCS Guarantees after Sampling or Search

In the ranking-and-selection literature, the set of systems under consideration is usually
fixed in advance, as in Section 2.2. We consider extensions of Guarantees (1) and (2) to
instances in which the set of systems X—and hence the configuration µ—is not fixed, but
is instead random, namely, the output of a sampling or search method. We first ask the
motivating question: what are meaningful guarantees on PGS and PCS when a ranking-
and-selection procedure R is run after an arbitrary sampling or search method S identifies
a set of candidate systems?

For PGS, one might be interested in the guarantee that for an instance of the combined
procedure S +R, a good selection is made with probability ≥ 1− α, i.e.,

P(GS after S) ≥ 1− α. (3)

Guarantee (3) is particularly relevant in practical problems for which the combined procedure
S +R is run only once. In contrast to P(µ,Σ), the probability measure P in Guarantee (3) is
defined with respect to the replications taken by R and the replications and random inputs
of S; hence we will refer to Guarantee 3 as an “overall” guarantee.

The analogous overall PCS guarantee is given by

P(CS after S | µ(X ) ∈ PZ(δ)) ≥ 1− α, (4)

where µ(X ) denotes the configuration of the random set of returned systems X . Guarantee
(4) is restrictive in the sense that it is only over instances in which the configuration of the
set of returned systems is in the preference zone. When using search methods on practical
problems, this is likely a rare event because search methods typically return systems with
similar performance as they approach a local optimum. This is especially the case for prob-
lems in which the space of systems and the objective function are continuous. Furthermore,
the decision-maker has little control over whether a search returns a configuration in PZ(δ)
and no way of verifying this event with certainty. For these reasons, we strongly believe that
PCS guarantees based on the indifference-zone condition are inappropriate for the setting of
ranking and selection after search.

Guarantees (3) and (4) appear to be difficult to prove directly, the main obstacle being
the probability measure P. Whereas the probability measure P(µ,Σ) of Guarantees (1) and
(2) is specific to the set of systems, P is defined on an enlarged probability space. Proving
statements involving P may require knowledge of the likelihood that S returns an arbitrary
set of systems—knowledge that is unavailable to us.

A more promising approach to proving Guarantees (3) and (4) is to condition on the set
of returned systems X . This yields the conditional guarantees

P(GS after S | X ) ≥ 1− α for all X , (5)
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P(CS after S | X ) ≥ 1− α for all X s.t. µ(X ) ∈ PZ(δ). (6)

By the law of total expectation, Guarantees (5) and (6) imply Guarantees (3) and (4),
respectively. Conditioning on the set of systems X has the advantage of fixing the distribution
of the replications taken by R. Therefore the probability measure in Guarantees (5) and (6)
more closely resembles P(µ,Σ) of Guarantees (1) and (2).

Proposition 2.1 makes use of this observation to establish conditions under which Guar-
antee (5)—and hence Guarantee (3)—follows from Guarantee (2). An analogous result for
the PCS guarantees follows from the same proof. Although Proposition 2.1 is trivial to
prove, it is important because it shows how ranking-and-selection procedures can be used
safely after sampling or search.

Proposition 2.1 (Good Selection after Sampling or Search) Suppose that a ranking-
and-selection procedure R takes as input a random set of systems X returned by a search or
sampling method S. If R does not reuse any replications taken by S, but instead takes its
own replications and guarantees

P(µ,Σ)(GS) ≥ 1− α for all µ,

then
P(GS after S | X ) ≥ 1− α for all X .

Proof. After running S, the set of returned systems X is fixed. Therefore the replications
taken by R are drawn from fixed distributions parameterized by the mean vector µ(X ) and
variance vector Σ(X ). It follows that for all X ,

P(GS after S | X ) = P(µ(X ),Σ(X ))(GS) ≥ 1− α. �

An obvious deficiency of Proposition 2.1 is that R does not use any of the replications
taken by S. When S is a sampling method, any replications that may have been collected
during S can be reused in R without affecting Guarantees (5) and (6) since conditional on
the set of returned systems these replications are statistically identical to those taken by
R, namely, i.i.d. and independent across systems. The more complicated case of reusing
replications when S is a search method is discussed in the next section.

2.4 Reusing Search Replications

Reusing search data in a ranking-and-selection procedure is desirable since computational
effort has already been expended to generate them. For example, in parallel computing
environments, great efficiency can be gained by having processors communicate the observed
performance of explored systems to other processors to help with screening and search.

When a ranking-and-selection procedure reuses search replications, Guarantees (5) and
(6) are harder to prove directly because the selection decisions now depend on the data
Y(x1), . . . ,Y(xk), replications we have shown to be dependent. A potential approach to
proving Guarantees (5) and (6) is to further condition on Gk, i.e., the σ-field generated by
the sequence of systems, the search replications, and the random inputs used to identify new
systems. Conditioning on Gk simplifies the probability measure over the selection decisions.
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However, this approach also runs into a major problem: guarantees conditional on Gk will
not hold in the almost-sure sense for any fixed ranking-and-selection procedure that takes a
finite number of samples. For realizations of the search in which the good systems under-
perform, the resulting PCS and PGS will be reduced. Letting the sample means of the good
systems tend to negative infinity will almost always ensure that PCS and PGS are made
arbitrarily small, eventually violating their guarantees.

With no apparent approach to directly prove Guarantees (5) and (6), it is natural to
wonder if they in fact hold for existing ranking-and-selection procedures that reuse search
data. To address this question, we attempt to find instances of optimization problems and
searches for which Guarantees (3) and (4) are violated, thereby implying that Guarantees
(5) and (6) are violated.

3 Adversarial Search

We present a search-like method, Adversarial Search (AS), that is designed to exploit the
dependence of the search data in a way that misleads ranking-and-selection procedures. AS
is designed to amplify the difficulties in ensuring Guarantees (3) and (4) in a contrived
manner. Later we will do the same for a more realistic search procedure.

A detailed description of AS is given in Algorithm 1. In short, AS introduces a δ-better
system (relative to the best) when the best system thus far looks best, i.e., has the highest
sample mean, and a δ-worse system otherwise.

ALGORITHM 1: Adversarial Search (AS)

Data: An integer k > 1 and initial system X1 (either fixed or random).
Result: A sequence of systems X2, . . . , Xk.
Take replications Yj(X1), j = 1, . . . , n01, and calculate Ȳ (X1);
i∗true ← 1 (index of system with highest true performance g(Xi));
i∗obs ← 1 (index of system with highest observed mean Ȳ (Xi));
for i← 2 to k do

if i∗obs = i∗true then
Introduce a system Xi s.t. g(Xi) = g(Xi∗true

) + δ;
i∗true ← i;

else
Introduce a system Xi s.t. g(Xi) = g(Xi∗true

)− δ;
end
Take replications Yj(Xi), j = 1, . . . , n0i, and calculate Ȳ (Xi);
if Ȳ (Xi) > Ȳ (Xi∗obs

) then
i∗obs ← i;

end

end

The intuition behind AS is as follows. When the best system thus far has the highest
observed performance, AS introduces a new best system, thereby leaving the previous best
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system as a tough competitor. And when the best system thus far does not have the high-
est observed performance, systems that are δ worse than the best system are introduced,
thereby leaving the best system as a weak competitor. In this way, AS attempts to return
configurations with search data in which the best system does not look best.

Every set of systems returned by AS has a unique best system that is at least δ better
than all of the others, i.e., µ(X ) ∈ PZ(δ) for every X . Therefore the events of correct
selection and good selection are equivalent—as are Guarantees (3) and (4)—when applying
a ranking-and-selection procedure after AS.

We call AS a “search-like” method because it relies on two unworkable assumptions that
are beyond our formal definition of search: (i) a sufficiently large space of systems from
which to draw systems of a given performance and (ii) knowledge of the objective function.
Although AS does not satisfy our definition of search, it can serve as a near-worst-case
benchmark for testing if the guarantees of ranking-and-selection procedures reusing search
data are robust to all optimization problems and all search methods. This claim is justified
by the observation that there exist instances of search methods and optimization problems
that behave exactly the same as AS.

To demonstrate this assertion, consider an example in which there are four systems in Θ.
Without loss of generality, let them be labeled 1, 2, 3, and 4 with performances g(1) = 0,
g(2) = 0, g(3) = δ and g(4) = 2δ. Suppose that the simulation budget allows only three of
the four systems to be evaluated, i.e., k = 3. We consider a particular search method over
these four systems. First, Systems 2 and 3 are evaluated by taking n02 and n03 samples,
respectively. If System 2 has a higher sample mean, System 1 is next evaluated by taking n01

samples, and if System 3 has a higher sample mean, System 4 is next evaluated by taking
n04 replications. One possible reasoning for identifying the third system in this fashion is
that the decision-maker believes System 1 will have performance similar to System 2 while
System 4 will have performance similar to System 3. One can verify that this search method
behaves exactly the same as AS when letting X1 = 2 w.p. 1.

In this fashion, one can construct similar optimization problems and search methods that
mimic AS for larger numbers of returned systems (k > 3). Hence finding violated guarantees
in our experiments with AS will show that the guarantees of ranking-and-selection procedures
that reuse search data do not hold for all optimization problems and all search methods.

4 Experiments with Reusing Search Replications

In Sections 4.1 and 4.2, we test selection and subset-selection procedures, respectively, reusing
search data from AS. In addition to using AS, we also test these procedures in the slippage
configuration (SC): g(x[i]) = g(x[k]) − δ for all 1 ≤ i < k. For the ranking-and-selection
procedures we consider, PCS is minimized in the slippage configuration; therefore testing
the slippage configuration gives a lower bound on PCS for the procedures when applied after
sampling. For both settings, we perform 10 000 macroreplications at each value of k and
calculate the empirical PCS—an unbiased estimate of the left-hand sides of Guarantees (3)
and (4). In Section 4.3, we test a subset-selection procedure that reuses replications from a
realistic search.

In all of our experiments, we choose a desired PCS 1− α = 0.95 and fix an indifference-
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zone parameter δ = 1, an initial sample size n0 = 10, and a common variance σ2 = 1.
Although a common variance is unrealistic for simulation optimization problems, we should
expect the guarantees of ranking-and-selection procedures that reuse search data to hold
even in this stylized setting.

4.1 Selection Procedures

Selection procedures based on the indifference-zone formulation were first proposed by [2]
for the case of common, known variance. Selection procedures for uncommon, unknown
variances were later developed by [6] and [24]. In our experiments, we test the Bechhofer and
Rinott procedures, the latter of which because it is easier to implement than the Dudewicz
and Dalal procedure. The Bechhofer procedure is designed to ensure a tight PCS of 1−α in
the slippage configuration while the Rinott procedure is more conservative because it must
allow for unequal, unknown variances.

We focus on single- and multi-stage selection procedures—of which the Bechhofer and
Rinott procedures are two examples—because all of the required replications can be taken
during the search. On the other hand, fully sequential procedures take replications from
systems one at a time. Some fully sequential procedures, e.g. [15], can be easily incorporated
into a selection-after-search framework by taking only n0 replications of each system during
the search. For other fully sequential procedures that do not require an initial sample size
of n0 replications from each system, e.g. [8], it remains an open question how they might be
applied in conjunction with search.

The details of the two selection procedures we test are as follows:

Bechhofer Take N = d(2h2
Bσ

2)/δ2e replications of each system where hB is the α-upper
quantile of the maximum of a k−1 dimensional multivariate normal vector with means
0, variance 1, and pairwise correlations 1/2. The constant hB can be derived from the
values of N tabulated in Table 2.1 on page 19 of [3]. Select the system with the highest
sample mean.

Rinott Take n0 replications of each system and calculate S2
i , the sample variance of the ith

system based on the initial replications. Take additional replications so that the ith
system has a total of Ni replications where

Ni = max

{
n0,

⌈
h2
RS

2
i

δ2

⌉}
and hR = h(k, 1− α, n0) is the solution to

∫ ∞
0

[∫ ∞
0

Φ

(
h√

ν (1/x+ 1/y)

)
fν(x)dx

]k−1

fν(y) dy = 1− α,

where ν = n0 − 1 and fν is the pdf of a chi-squared random variable with ν degrees of
freedom. The constant hR is tabulated in Table 2.13 on pages 62–63 of [3]. Select the
system with the highest overall sample mean.
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We test the Bechhofer and Rinott procedures in two settings: (i) “AS All”: all of the
required replications are taken during AS, i.e., n0i = N and n0i = Ni, respectively, for
i = 1, . . . , k and (ii) “AS n0”: only n0 replications of each system are taken during AS and
the remaining replications are taken afterwards, i.e., n0i = 10 for i = 1, . . . , k.

(a) Bechhofer (b) Rinott

Figure 1: Based on the usual normal confidence intervals, the empirical PCSs of the Bech-
hofer and Rinott procedures are accurate to within ±0.01 and ±0.005, respectively, of the
true PCSs.

In Figure 1a, the empirical PCS for the Bechhofer procedure reusing replications from AS
quickly falls below the guaranteed PCS of 0.95. The empirical PCS for the case of taking n0

replications during AS deteriorates more rapidly than when all of the replications are taken
during AS. One possible explanation is that with only n0 replications, the initial ranking of
systems is more variable and so AS likely returns less-favorable configurations of systems,
such as the slippage configuration.

The conservativeness of the Rinott procedure is evident in Figure 1b where the empiri-
cal PCS for the slippage configuration increases to above 0.995 as the number of returned
systems increases to 1000. The empirical PCS for the Rinott procedure applied after AS
initially decreases until around 50 to 100 returned systems before increasing again. This
trend suggests that the conservativeness of the Rinott procedure offsets most of the impact
of AS on decreasing PCS. Although the empirical PCS of either taking n0 or all replications
never drops below the desired PCS of 0.95, it stays below the empirical PCS of the slippage
configuration in both cases.

4.2 Subset-Selection Procedures

Subset-selection procedures were first developed by [11] as an alternative to the indifference-
zone formulation of [2]. Instead of selecting a single system, subset-selection procedures
return a subset of systems I that contains the best system with at least a prespecified
probability. In further contrast to many selection procedures, subset-selection procedures
often take a fixed number of replications.

Since we wish to handle the cases of correct selection and good selection simultaneously,
we will rely on variations of the Gupta procedure that provide PCS guarantees when the
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indifference-zone assumption is satisfied. That is, they deliver the guarantee

P(µ,Σ){x[k] ∈ I} ≥ 1− α for all µ ∈ PZ(δ).

Two such procedures are as follows:

Modified Gupta A modified version of the original Gupta procedure for common, known
variance σ2 that uses a different “yardstick” based on the indifference-zone assumption.
Take n0 replications from each system and return the set of systems

I = {Xi : Ȳ (Xi) ≥ Ȳ (Xj)− (W − δ)+ for all j 6= i},

where W = hBσ
√

2/n0, and hB is Bechhofer’s constant mentioned in Section 4.1. This
procedure was developed by [26], except that his procedure neglected to account for
the necessary positive-part operator in the term (W−δ)+. See appendix for a complete
proof of the PCS guarantee.

Screen-to-the-Best An extension of Gupta’s procedure to handle unknown and uncommon
variances developed by [19]. Take n0 replications from each system and return the set
of systems

I = {Xi : Ȳ (Xi) ≥ Ȳ (Xj)− (Wij − δ)+ for all j 6= i},

where

Wij = t

(
S2
i

n0

+
S2
j

n0

)1/2

and t = t(1−α0)1/(k−1),n0−1 is the upper-quantile of a t distribution with n0 − 1 degrees
of freedom. The Screen-to-the-Best procedure was further extended to unequal sample
sizes [5], but we do not consider the extension here.

The Modified Gupta procedure is designed to be tight in the slippage configuration while
the Screen-to-the-Best procedure is more conservative.

As seen in Figure 2a, the empirical PCS for the Modified Gupta procedure after AS
quickly drops below the desired level of 0.95. The empirical PCS further deteriorates as the
number of systems increases, even to the point where PCS is nearly half of its guaranteed
value!

In Figure 2b the empirical PCS of the Screen-to-the-Best procedure after AS stays well
below the empirical PCS of the slippage configuration, dropping to just above its guarantee
of 0.95 at around 100 systems, before increasing again. We suspect that there exist problem
instances and parameter settings for which the PCS for Screen-to-the-Best will fall below its
guaranteed level.

4.3 A Realistic Search

The AS framework in Sections 4.1 and 4.2 is clearly unrealistic, yet effective at showing
that ranking-and-selection guarantees can suffer from reusing search data. We now consider
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(a) Modified Gupta (b) Screen-to-the-Best

Figure 2: Based on the usual normal confidence intervals, the empirical PCSs of the Modified
Gupta and Screen-to-the-Best procedures are accurate to within ±0.01 of the true PCSs.

a more realistic optimization problem and search method and study the performance of
a subset-selection procedure that reuses the replications from search. The optimization
problem we test is to maximize g(x) = dlog2 xe on the interval [1/16, 16], a step-like function
with ever-widening steps whose values range on the integers from −4 to 4, as plotted in
Figure 3a.

The search method we consider first evaluates the system x1 = 0.75 by taking n0 = 10
samples. Each new system is chosen uniformly at random from an interval of width 2
centered around the system with the highest sample mean among the explored systems, but
otherwise independently of past observations. When the search attempts to return a system
from outside the interval [1/16, 16], the nearest endpoint is returned as the next system. In
this way, the search finds new systems from within a neighborhood of the system with the
best observed performance.

We tested the Modified Gupta subset-selection procedure for 100 000 macroreplications
and calculated the overall PGS and PCS of Guarantees (3) and (4), respectively, at a range
of values of k. The empirical PCS of Guarantee (4) was averaged over only the macrorepli-
cations for which the configuration of the returned systems was in the preference zone. For
k < 10, this amounted to roughly 1 in 4 macroreplications, while for k = 100, it was roughly
1 in 100. As seen in Figure 3b the empirical PGS remains well above its guaranteed level of
0.95 while the empirical PCS in the preference zone falls below this threshold.

The experimental results suggest that the event of the returned configuration being in
the preference zone makes correct decisions less likely. And indeed, the structure of the
objective function is responsible. When the search returns a configuration in the preference
zone, it means that only one system was explored from the highest explored “step” of the
objective function. Because the search looks for new systems in an interval centered around
the best-looking system, returning a configuration in the preference zone likely means the
true best system did not have the highest sample mean immediately after it was evaluated.
For this reason, the probability of correct selection suffers in these instances.
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(a) Objective function. (b) Modified Gupta

Figure 3: Based on the usual normal confidence intervals, the empirical PCS of the Modified
Gupta is within ±0.003 for k ≤ 10 and within ±0.03 for k ≥ 80.

5 Conclusions

In this paper, we considered the framework of applying a ranking-and-selection procedure
on a random set of systems returned by a sampling or search method. We formulated
purposeful guarantees on PCS and PGS and showed how they can immediately follow from
the traditional guarantees of ranking-and-selection procedures. We then argued that, in
this setting, PGS guarantees are superior to PCS guarantees based on the indifference-zone
condition.

We studied issues that arise from reusing replications taken during search as input to
a ranking-and-selection procedure. We explained how search methods inherently produce
replications that are conditionally dependent on the sequence of returned systems, an aspect
that had been overlooked in the proofs of existing procedures that reuse search data. Fur-
thermore, we designed a search-like method that exploited this dependence to demonstrate
how the PCS and PGS of ranking-and-selection procedures can suffer as a consequence.

In our experiments, we observed empirical PCS well below the guaranteed level for
ranking-and-selection procedures with tight guarantees, e.g. Bechhofer and Modified Gupta.
For more conservative procedures that handle unequal and unknown variances, e.g. Rinott
and Screen-to-the-Best, we also observed lower-than-expected PCS, but not enough to vio-
late the guarantees. These results suggest that for practical simulation optimization prob-
lems, the procedures proposed in the literature that reuse search replications can likely be
performed with little fear of encountering violated guarantees. Since realistic simulation
optimization searches return systems with ever-similar performance, we believe that PGS
guarantees will in practice be robust to reusing search data.

How ranking-and-selection procedures might be designed to safely reuse search data while
offering provable guarantees remains an open question. One way forward may be procedures
with asymptotic PCS and PGS guarantees as δ → 0, e.g. KN+ and KN++ of [16]. For such
procedures, as the required number of replications increases, the influence of the replications
taken during search will diminish.
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APPENDIX

In this appendix we prove the validity of the Modified Gupta procedure, namely, that it
satisfies

P(µ,Σ){x[k] ∈ I} ≥ 1− α for all µ ∈ PZ(δ),

where Σ is a vector whose elements are all σ2.
Fix an arbitrary set of systems {x1, . . . , xk} with configuration µ ∈ PZ(δ) and a common,

known variance σ2 < ∞. The procedure takes n0 i.i.d. replications Y1(xi), . . . , Yn0(xi) for
i = 1, . . . , k. Let Ȳ (xi), i = 1, . . . , k, be the corresponding sample means. The Modified
Gupta procedure preserves a set of systems I such that for each system i ∈ I,

Ȳ (xi) ≥ max
j 6=i

Ȳ (xj)− (W − δ)+,

where W = hBσ
√

2/n0 and hB is Bechhofer’s constant. Note that the positive part operator
on the term (W − δ)+ is needed to ensure that at least one system, the one with the largest
sample mean, is included in the set I.

We follow the proof of Gupta’s procedure presented by [17] and modify where necessary:

P(µ,Σ){x[k] ∈ I} = P(µ,Σ)

{
Ȳ (x[k]) ≥ max

j 6=k
Ȳ (x[j])− (W − δ)+

}
= P(µ,Σ)

{
Ȳ (x[k]) ≥ max

j 6=k
Ȳ (x[j])−

(
hBσ

√
2/n0 − δ

)+
}

= P(µ,Σ)

{
Ȳ (x[k]) ≥ Ȳ (x[j])−

(
hBσ

√
2/n0 − δ

)+

for all j 6= k

}
= P(µ,Σ)

{
Ȳ (x[j])− Ȳ (x[k])−

(
g(x[j])− g(x[k])

)
σ
√

2/n0

≤

(
hB −

δ

σ
√

2/n0

)+

−
(
g(x[j])− g(x[k])

)
σ
√

2/n0

for all j 6= k

}

≥ P(µ,Σ)

{
Ȳ (x[j])− Ȳ (x[k])−

(
g(x[j])− g(x[k])

)
σ
√

2/n0

≤ hB −
δ +

(
g(x[j])− g(x[k])

)
σ
√

2/n0

for all j 6= k

}
≥ P(µ,Σ) {Zj ≤ hB for all j 6= k} = 1− α ,
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where the variables Z1, . . . , Zk−1 are distributed according to a multivariate normal with
means 0, variances 1, and common pairwise correlations 1/2. The last equality follows from
the definition of Bechhofer’s constant hB.
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